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quantum data: ⇢

quantum functions:    eC

higher-order quantum
operations:

quantum processes

quantum states

ee⇤ : [L(Hin) ! L(Hout)] ! [L(Hin0) ! L(Hout0)]
ee⇤ : [L(Hin) ! L(Hout)] ! [L(Hin0) ! L(Hout0)]

⇢ 2 L(Hin)

eC : L(Hin) ! L(Hout)quantum operations
(quantum channels)

“functions of functions”

Formalism: Higher-order operations

= ⇢0⇢ eC

eC 0

:

:
ee⇤ ee⇤

eC =



The quantum switch transformation

Chiribella, D’Ariano, Perinotti, Valiron, PRA 88, 022318 (2013)
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The quantum switch transformation
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S(A,B)[�c ⌦ ⇢t ] :=
X
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Sij(�c ⌦ ⇢t)S
†
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Chiribella, D’Ariano, Perinotti, Valiron, PRA 88, 022318 (2013)



The quantum switch transformation

S
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B

S(A,B)

c

t

Sij := |0ih0|⌦BjAi + |1ih1|⌦AiBj

S(A,B)[�c ⌦ ⇢t ] :=
X

i,j

Sij(�c ⌦ ⇢t)S
†
ij

A[⇢] =
X

i

Ai ⇢A
†
i

B[⇢] =
X

j

Bj ⇢B
†
j

Chiribella, D’Ariano, Perinotti, Valiron, PRA 88, 022318 (2013)



Simulation
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Indefinite causal order 
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Simulation of indefinite causal order

C(A⌦kA , B⌦kB ) = S(A,B) 8 A,B
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Simulation of indefinite causal order

Cost: quantum query complexity

(kA, kB)

C(A⌦kA , B⌦kB ) = S(A,B) 8 A,B
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Rules of the simulation

• Finite number of calls

• Deterministic

• Universal (blackbox inputs)
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Cost: quantum query complexity

(kA, kB)



Simulation of indefinite causal order

• Infinite number of queries = process tomography

• Approximate / probabilistic simulation [1,2]  

• Non-universal (particular inputs) [1]
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[1] Chiribella, D’Ariano, Perinotti, Valiron, PRA 88, 022318 (2013)
[2] Milz, Pollock, Le, Chiribella, Modi, NJP 20, 033033 (2018), Quintino, Dong, Shimbo, Soeda, Murao, PRA 100, 062339 (2019)

Possible strategies for simulation:



c

t

aux

Non-universal simulation: unitary channels

Chiribella, D’Ariano, Perinotti, Valiron, PRA 88, 022318 (2013)



Ciji0 = |0ih0|⌦Ai0 ⌦BjAi + |1ih1|⌦Ai ⌦Ai0Bj

c

t

aux

Non-universal simulation: unitary channels

Chiribella, D’Ariano, Perinotti, Valiron, PRA 88, 022318 (2013)



Ciji0 = |0ih0|⌦Ai0 ⌦BjAi + |1ih1|⌦Ai ⌦Ai0Bj

A[⇢] = UA[⇢] =
X

i

Ai ⇢A
†
i = A0 ⇢A

†
0

B[⇢] = UB [⇢] =
X

j

Bj ⇢B
†
j = B0 ⇢B

†
0

c

t

aux

For unitary channels: 

Non-universal simulation: unitary channels

Chiribella, D’Ariano, Perinotti, Valiron, PRA 88, 022318 (2013)



C000 = |0ih0|⌦A0 ⌦B0A0 + |1ih1|⌦A0 ⌦A0B0

S00 := |0ih0|⌦B0A0 + |1ih1|⌦A0B0

(quantum circuit)

(quantum switch)For unitary channels: 
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Non-universal simulation: unitary channels

Chiribella, D’Ariano, Perinotti, Valiron, PRA 88, 022318 (2013)



C000 = |0ih0|⌦A0 ⌦B0A0 + |1ih1|⌦A0 ⌦A0B0

S00 := |0ih0|⌦B0A0 + |1ih1|⌦A0B0

(quantum circuit)

(quantum switch)For unitary channels: 

c

t

aux

Non-universal simulation: unitary channels

Chiribella, D’Ariano, Perinotti, Valiron, PRA 88, 022318 (2013)



Ciji0 = |0ih0|⌦Ai0 ⌦BjAi + |1ih1|⌦Ai ⌦Ai0Bj (quantum circuit)

(quantum switch)For general channels: 

Chiribella, D’Ariano, Perinotti, Valiron, PRA 88, 022318 (2013)
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Sij := |0ih0|⌦BjAi + |1ih1|⌦AiBj

6=

Non-universal simulation: unitary channels



c

t

aux

Not a simulation of the quantum switch in general.

But it can be generalized to a certain extent.

Non-universal simulation: unitary channels



Go result: a non-universal simulation



S ⌦ I(A,B)[�c ⌦ ⇢t ⌦ !A0B0 ] =
X

i,j

Sij(�c ⌦ ⇢t ⌦ !A0B0)S†
ij

definition implied by linearity
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0) The general quantum switch transformation



S

A

B

C

AB · · ·A

A

B

8,

0) The general quantum switch transformation

c

t

A0

B0

C(A⌦kA , B⌦kB ) = S ⌦ I(A,B) 8 A,B

?



0) Go: non-universal simulation for extended channels

Bavaresco et al., Nat. Commun. 16, 10216 (2025)



A[⇢] = UA[⇢] =
X

i

Ai ⇢A
†
i = A0 ⇢A

†
0

For general channels B: B[⇢] =
X

j

Bj ⇢B
†
j

For unitary channels A:

0) Go: non-universal simulation for extended channels

Bavaresco et al., Nat. Commun. 16, 10216 (2025)



S

UA

UB

C

UA UAUB

8,
UA

UB

B

UA

C

S
UA UAB

8,

B

UA

(a)

(b)

0) Go: non-universal simulation for extended channels
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Without this restriction, 
the result does not hold.

0) Go: non-universal simulation for extended channels



No-go results



Main results: no-go theorems

The action of the quantum switch cannot be simulated by a quantum circuit 
that has access to at most                 calls of the input channels A and B when

(kA, kB) 2 {(2, 1), (2, 2), (3, 1)}

and

(kA, kB) = (M, 1)

number of qubits in 
the target system

(kA, kB) = (M, 1) for M < 2n

Bavaresco et al., Nat. Commun. 16, 10216 (2025)



1) No-go: exponential separation

Bavaresco et al., Nat. Commun. 16, 10216 (2025)



1) No-go: exponential separation - proof

- Step 1: 

C(A⌦kA , B⌦kB ) = S(A,B) 8 A,B

for all mixed unitary channels 
<latexit sha1_base64="vUMELAnZ0u0okilga+DcxstiuT4=">AAAB/nicbVDLSsNAFL2pr1pfUZduBovgQkoiUl1WBXFZ0T6gDWUynbRDJ5MwMxFCKPQH3OofuBO3/oo/4Hc4fSxs64ELh3Pu5d57/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Thv+4HbsN56pVCwSTzqNqRfinmABI1gb6fH67KZjF52SMwFaJu6MFGGGasf+aXcjkoRUaMKxUi3XibWXYakZ4XRYaCeKxpgMcI+2DBU4pMrLJqcO0YlRuiiIpCmh0UT9O5HhUKk09E1niHVfLXpj8T+vlejgysuYiBNNBZkuChKOdITGf6Muk5RonhqCiWTmVkT6WGKiTTpzW+J+qhhRQxOMuxjDMqmfl9xyqfxwUazcjaYR5eEIjuEUXLiECtxDFWpAoAcv8Apv1sh6tz6sz2lrzprFeghzsL5+AQpQlr4=</latexit>

A,B

Take a simulation
(Lemma 2)



1) No-go: exponential separation - proof

- Step 1: 

C(A⌦kA , B⌦kB ) = S(A,B) 8 A,B

for all mixed unitary channels 
<latexit sha1_base64="vUMELAnZ0u0okilga+DcxstiuT4=">AAAB/nicbVDLSsNAFL2pr1pfUZduBovgQkoiUl1WBXFZ0T6gDWUynbRDJ5MwMxFCKPQH3OofuBO3/oo/4Hc4fSxs64ELh3Pu5d57/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Thv+4HbsN56pVCwSTzqNqRfinmABI1gb6fH67KZjF52SMwFaJu6MFGGGasf+aXcjkoRUaMKxUi3XibWXYakZ4XRYaCeKxpgMcI+2DBU4pMrLJqcO0YlRuiiIpCmh0UT9O5HhUKk09E1niHVfLXpj8T+vlejgysuYiBNNBZkuChKOdITGf6Muk5RonhqCiWTmVkT6WGKiTTpzW+J+qhhRQxOMuxjDMqmfl9xyqfxwUazcjaYR5eEIjuEUXLiECtxDFWpAoAcv8Apv1sh6tz6sz2lrzprFeghzsL5+AQpQlr4=</latexit>

A,B

<latexit sha1_base64="ILGXzUL7ejXkIfSqRFG0pj4vGIs="></latexit>

C → 0 =↑ C =
∑

a

∣∣∣C(a)
〉〈

C(a)
∣∣∣

<latexit sha1_base64="6x+iwzRXmBhDXymBCgctttP/iQA="></latexit>

rank(S) = 1 =→ S = |S↑↓S|and 

Assume 

Take a simulation
(Lemma 2)



1) No-go: exponential separation - proof

- Step 1: 

C(A⌦kA , B⌦kB ) = S(A,B) 8 A,B

Assume 

Take a simulation

Then 
<latexit sha1_base64="YcmBdCEalwiY5Xao3jwKU0g6weM="></latexit>∣∣∣C(a)

〉
→

M⊗

k=1

|Uk↑ ↓
N⊗

j=1

|Vj↑ ↔ span({|S↑ → (|Uk↑ ↓ |Vl↑)}kl) ,

for all mixed unitary channels 
<latexit sha1_base64="vUMELAnZ0u0okilga+DcxstiuT4=">AAAB/nicbVDLSsNAFL2pr1pfUZduBovgQkoiUl1WBXFZ0T6gDWUynbRDJ5MwMxFCKPQH3OofuBO3/oo/4Hc4fSxs64ELh3Pu5d57/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Thv+4HbsN56pVCwSTzqNqRfinmABI1gb6fH67KZjF52SMwFaJu6MFGGGasf+aXcjkoRUaMKxUi3XibWXYakZ4XRYaCeKxpgMcI+2DBU4pMrLJqcO0YlRuiiIpCmh0UT9O5HhUKk09E1niHVfLXpj8T+vlejgysuYiBNNBZkuChKOdITGf6Muk5RonhqCiWTmVkT6WGKiTTpzW+J+qhhRQxOMuxjDMqmfl9xyqfxwUazcjaYR5eEIjuEUXLiECtxDFWpAoAcv8Apv1sh6tz6sz2lrzprFeghzsL5+AQpQlr4=</latexit>

A,B

<latexit sha1_base64="ILGXzUL7ejXkIfSqRFG0pj4vGIs="></latexit>

C → 0 =↑ C =
∑

a

∣∣∣C(a)
〉〈

C(a)
∣∣∣

<latexit sha1_base64="6x+iwzRXmBhDXymBCgctttP/iQA="></latexit>

rank(S) = 1 =→ S = |S↑↓S|and 

(Lemma 2)



C(A⌦kA , B⌦kB ) = S(A,B) 8 A,B
<latexit sha1_base64="ILGXzUL7ejXkIfSqRFG0pj4vGIs="></latexit>

C → 0 =↑ C =
∑

a

∣∣∣C(a)
〉〈

C(a)
∣∣∣

<latexit sha1_base64="nDFLkK3DqvZsT0oTC9P1AphjkrY="></latexit>

∑

a

∣∣∣C(a)
〉〈

C(a)
∣∣∣ →

( M⊗

k=1

|Uk↑↓Uk|↔
N⊗

l=1

|Vl↑↓Vl|
)
= ω |S↑↓S| →

M∑

k=1

N∑

l=1

(|Uk↑↓Uk|↔ |Vl↑↓Vl|)

for all mixed unitary channels 
<latexit sha1_base64="vUMELAnZ0u0okilga+DcxstiuT4=">AAAB/nicbVDLSsNAFL2pr1pfUZduBovgQkoiUl1WBXFZ0T6gDWUynbRDJ5MwMxFCKPQH3OofuBO3/oo/4Hc4fSxs64ELh3Pu5d57/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Thv+4HbsN56pVCwSTzqNqRfinmABI1gb6fH67KZjF52SMwFaJu6MFGGGasf+aXcjkoRUaMKxUi3XibWXYakZ4XRYaCeKxpgMcI+2DBU4pMrLJqcO0YlRuiiIpCmh0UT9O5HhUKk09E1niHVfLXpj8T+vlejgysuYiBNNBZkuChKOdITGf6Muk5RonhqCiWTmVkT6WGKiTTpzW+J+qhhRQxOMuxjDMqmfl9xyqfxwUazcjaYR5eEIjuEUXLiECtxDFWpAoAcv8Apv1sh6tz6sz2lrzprFeghzsL5+AQpQlr4=</latexit>

A,B

<latexit sha1_base64="PbAKPmwxDz6Ueiy4GWpxfqRLm+I="></latexit>∣∣∣C(a)
〉〈

C(a)
∣∣∣ →

( M⊗

k=1

|Uk↑↓Uk|↔
N⊗

l=1

|Vl↑↓Vl|
)
↗ ω |S↑↓S| →

M∑

k=1

N∑

l=1

(|Uk↑↓Uk|↔ |Vl↑↓Vl|)
<latexit sha1_base64="4RIKOhKmqFoh/NmlnfP/543xFZU=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFQVxWsA9oh5JJb9vQTGZIMsIwFNz4A271D9yJWz/EH/A7TB8L23ogcDjnhnPvCWLBtXHdbye3tr6xuZXfLuzs7u0fFA+PGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3Uz85iMqzSP5YNIY/ZAOJO9zRo2VWh0e2hTU3WLJLbtTkFXizUkJ5qh1iz+dXsSSEKVhgmrd9tzY+BlVhjOB40In0RhTNqIDbFsqaYjaz6b7jsmZVXqkHyn7pCFT9e+PjIZap2FgJ0NqhnrZm4j/ee3E9K/9jMs4MSjZLKifCGIiMjme9LhCZkRqCWWK210JG1JFmbEVLaTEw1Rzpse2GG+5hlXSuCh7lXLl/rJUvX2aVZSHEziFc/DgCqpwBzWoAwMBL/AKb86z8+58OJ+z0Zwzr/UYFuB8/QL9NJmQ</latexit>

=→
<latexit sha1_base64="4RIKOhKmqFoh/NmlnfP/543xFZU=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFQVxWsA9oh5JJb9vQTGZIMsIwFNz4A271D9yJWz/EH/A7TB8L23ogcDjnhnPvCWLBtXHdbye3tr6xuZXfLuzs7u0fFA+PGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3Uz85iMqzSP5YNIY/ZAOJO9zRo2VWh0e2hTU3WLJLbtTkFXizUkJ5qh1iz+dXsSSEKVhgmrd9tzY+BlVhjOB40In0RhTNqIDbFsqaYjaz6b7jsmZVXqkHyn7pCFT9e+PjIZap2FgJ0NqhnrZm4j/ee3E9K/9jMs4MSjZLKifCGIiMjme9LhCZkRqCWWK210JG1JFmbEVLaTEw1Rzpse2GG+5hlXSuCh7lXLl/rJUvX2aVZSHEziFc/DgCqpwBzWoAwMBL/AKb86z8+58OJ+z0Zwzr/UYFuB8/QL9NJmQ</latexit>

=→



1) No-go: exponential separation - proof

- Step 1: 

<latexit sha1_base64="YcmBdCEalwiY5Xao3jwKU0g6weM="></latexit>∣∣∣C(a)
〉
→

M⊗

k=1

|Uk↑ ↓
N⊗

j=1

|Vj↑ ↔ span({|S↑ → (|Uk↑ ↓ |Vl↑)}kl) ,

<latexit sha1_base64="R2iJnyACMytboVewCnwpJeLZonI="></latexit>∣∣∣C(a)
〉
→ (|U1↑ ↓ . . .↓ |UM ↑ ↓ |V1↑ ↓ . . .↓ |VN ↑) =

M∑

k=1

N∑

l=1

ω(a)kl ({Ui}i, {Vj}j) |S↑ → (|Uk↑ ↓ |Vl↑)

for all mixed unitary channels 
<latexit sha1_base64="vUMELAnZ0u0okilga+DcxstiuT4=">AAAB/nicbVDLSsNAFL2pr1pfUZduBovgQkoiUl1WBXFZ0T6gDWUynbRDJ5MwMxFCKPQH3OofuBO3/oo/4Hc4fSxs64ELh3Pu5d57/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Thv+4HbsN56pVCwSTzqNqRfinmABI1gb6fH67KZjF52SMwFaJu6MFGGGasf+aXcjkoRUaMKxUi3XibWXYakZ4XRYaCeKxpgMcI+2DBU4pMrLJqcO0YlRuiiIpCmh0UT9O5HhUKk09E1niHVfLXpj8T+vlejgysuYiBNNBZkuChKOdITGf6Muk5RonhqCiWTmVkT6WGKiTTpzW+J+qhhRQxOMuxjDMqmfl9xyqfxwUazcjaYR5eEIjuEUXLiECtxDFWpAoAcv8Apv1sh6tz6sz2lrzprFeghzsL5+AQpQlr4=</latexit>

A,B

<latexit sha1_base64="Ud2iqRdsln/2duK80jCUBR1CgIo="></latexit>

C(A→M , B→N ) = S(A,B)

<latexit sha1_base64="ILGXzUL7ejXkIfSqRFG0pj4vGIs="></latexit>

C → 0 =↑ C =
∑

a

∣∣∣C(a)
〉〈

C(a)
∣∣∣

<latexit sha1_base64="6x+iwzRXmBhDXymBCgctttP/iQA="></latexit>

rank(S) = 1 =→ S = |S↑↓S|and 

Assume 

Take a simulation

Then 
<latexit sha1_base64="nYs5BiX2NFhuGiSYPS/p9xA8sro=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiQi1WVBEJcV7APaUCbTSTN0MgkzEyGEgv6AW/0Dd+LWT/EH/A4naRe29cCFwzn3cu89XsyZ0rb9bZXW1jc2t8rblZ3dvf2D6uFRR0WJJLRNIh7JnocV5UzQtmaa014sKQ49Trve5Cb3u49UKhaJB53G1A3xWDCfEaxzacB8f1it2XW7AFolzpzUYI7WsPozGEUkCanQhGOl+o4dazfDUjPC6bQySBSNMZngMe0bKnBIlZsVt07RmVFGyI+kKaFRof6dyHCoVBp6pjPEOlDLXi7+5/UT7V+7GRNxoqkgs0V+wpGOUP44GjFJieapIZhIZm5FJMASE23iWdgSB6liRE1NMM5yDKukc1F3GvXG/WWtefs0i6gMJ3AK5+DAFTThDlrQBgIBvMArvFnP1rv1YX3OWkvWPNZjWID19QuZKZeq</latexit>→↑

(Lemma 2)



1) No-go: exponential separation - proof

- Step 2: 

Then 

If the coefficients  
<latexit sha1_base64="0AI3pFw6XsSUiBrp4tztygnNeUE="></latexit>

ω(a)kl ({Ui}i, {Vj}j) satisfy

<latexit sha1_base64="R2iJnyACMytboVewCnwpJeLZonI="></latexit>∣∣∣C(a)
〉
→ (|U1↑ ↓ . . .↓ |UM ↑ ↓ |V1↑ ↓ . . .↓ |VN ↑) =

M∑

k=1

N∑

l=1

ω(a)kl ({Ui}i, {Vj}j) |S↑ → (|Uk↑ ↓ |Vl↑)

<latexit sha1_base64="eq+5PXluWUHrijs6vtaAtBtNORc="></latexit>∣∣∣C(a)
〉
=

M∑

k=1

N∑

l=1

|S→ ↑
∣∣∣ω̃(a)

kl

〉{I1O1...IMOMI
→
1O

→
1...I

→
NO

→
N}\{IkOkI

→
lO

→
l}

(Lemma 3)
Take



<latexit sha1_base64="QecAuTxynIvesGmTZnV/uEkZ3D4="></latexit>

ω̃kl({Ui}i →=k, {Vj}j →=l) =
〈
ω̃kl

∣∣∣




⊗

i →=k

|Ui→ ↑
⊗

j →=l

|Vj→





If the coefficients  
<latexit sha1_base64="0AI3pFw6XsSUiBrp4tztygnNeUE="></latexit>

ω(a)kl ({Ui}i, {Vj}j) satisfy

<latexit sha1_base64="4RIKOhKmqFoh/NmlnfP/543xFZU=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFQVxWsA9oh5JJb9vQTGZIMsIwFNz4A271D9yJWz/EH/A7TB8L23ogcDjnhnPvCWLBtXHdbye3tr6xuZXfLuzs7u0fFA+PGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3Uz85iMqzSP5YNIY/ZAOJO9zRo2VWh0e2hTU3WLJLbtTkFXizUkJ5qh1iz+dXsSSEKVhgmrd9tzY+BlVhjOB40In0RhTNqIDbFsqaYjaz6b7jsmZVXqkHyn7pCFT9e+PjIZap2FgJ0NqhnrZm4j/ee3E9K/9jMs4MSjZLKifCGIiMjme9LhCZkRqCWWK210JG1JFmbEVLaTEw1Rzpse2GG+5hlXSuCh7lXLl/rJUvX2aVZSHEziFc/DgCqpwBzWoAwMBL/AKb86z8+58OJ+z0Zwzr/UYFuB8/QL9NJmQ</latexit>

=→



<latexit sha1_base64="QecAuTxynIvesGmTZnV/uEkZ3D4="></latexit>

ω̃kl({Ui}i →=k, {Vj}j →=l) =
〈
ω̃kl

∣∣∣




⊗

i →=k

|Ui→ ↑
⊗

j →=l

|Vj→





If the coefficients  
<latexit sha1_base64="0AI3pFw6XsSUiBrp4tztygnNeUE="></latexit>

ω(a)kl ({Ui}i, {Vj}j) satisfy

<latexit sha1_base64="4RIKOhKmqFoh/NmlnfP/543xFZU=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFQVxWsA9oh5JJb9vQTGZIMsIwFNz4A271D9yJWz/EH/A7TB8L23ogcDjnhnPvCWLBtXHdbye3tr6xuZXfLuzs7u0fFA+PGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3Uz85iMqzSP5YNIY/ZAOJO9zRo2VWh0e2hTU3WLJLbtTkFXizUkJ5qh1iz+dXsSSEKVhgmrd9tzY+BlVhjOB40In0RhTNqIDbFsqaYjaz6b7jsmZVXqkHyn7pCFT9e+PjIZap2FgJ0NqhnrZm4j/ee3E9K/9jMs4MSjZLKifCGIiMjme9LhCZkRqCWWK210JG1JFmbEVLaTEw1Rzpse2GG+5hlXSuCh7lXLl/rJUvX2aVZSHEziFc/DgCqpwBzWoAwMBL/AKb86z8+58OJ+z0Zwzr/UYFuB8/QL9NJmQ</latexit>

=→

<latexit sha1_base64="R2iJnyACMytboVewCnwpJeLZonI="></latexit>∣∣∣C(a)
〉
→ (|U1↑ ↓ . . .↓ |UM ↑ ↓ |V1↑ ↓ . . .↓ |VN ↑) =

M∑

k=1

N∑

l=1

ω(a)kl ({Ui}i, {Vj}j) |S↑ → (|Uk↑ ↓ |Vl↑)

which means that



<latexit sha1_base64="QecAuTxynIvesGmTZnV/uEkZ3D4="></latexit>

ω̃kl({Ui}i →=k, {Vj}j →=l) =
〈
ω̃kl

∣∣∣




⊗

i →=k

|Ui→ ↑
⊗

j →=l

|Vj→





If the coefficients  
<latexit sha1_base64="0AI3pFw6XsSUiBrp4tztygnNeUE="></latexit>

ω(a)kl ({Ui}i, {Vj}j) satisfy

<latexit sha1_base64="eglUjWS5nOE8BdnLzJ1X6eI38fs="></latexit>

∣∣∣C(a)
〉
→




M⊗

i=1

|Ui↑IiOi ↓
N⊗

j=1

|Vj↑I
→
jO

→
j



 =

[
M∑

k=1

N∑

l=1

∣∣∣ω̃kl
〉
↓ |S↑

]
→




M⊗

i=1

|Ui↑IiOi ↓
N⊗

j=1

|Vj↑I
→
jO

→
j





<latexit sha1_base64="4RIKOhKmqFoh/NmlnfP/543xFZU=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFQVxWsA9oh5JJb9vQTGZIMsIwFNz4A271D9yJWz/EH/A7TB8L23ogcDjnhnPvCWLBtXHdbye3tr6xuZXfLuzs7u0fFA+PGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3Uz85iMqzSP5YNIY/ZAOJO9zRo2VWh0e2hTU3WLJLbtTkFXizUkJ5qh1iz+dXsSSEKVhgmrd9tzY+BlVhjOB40In0RhTNqIDbFsqaYjaz6b7jsmZVXqkHyn7pCFT9e+PjIZap2FgJ0NqhnrZm4j/ee3E9K/9jMs4MSjZLKifCGIiMjme9LhCZkRqCWWK210JG1JFmbEVLaTEw1Rzpse2GG+5hlXSuCh7lXLl/rJUvX2aVZSHEziFc/DgCqpwBzWoAwMBL/AKb86z8+58OJ+z0Zwzr/UYFuB8/QL9NJmQ</latexit>

=→

<latexit sha1_base64="R2iJnyACMytboVewCnwpJeLZonI="></latexit>∣∣∣C(a)
〉
→ (|U1↑ ↓ . . .↓ |UM ↑ ↓ |V1↑ ↓ . . .↓ |VN ↑) =

M∑

k=1

N∑

l=1

ω(a)kl ({Ui}i, {Vj}j) |S↑ → (|Uk↑ ↓ |Vl↑)

which means that



1) No-go: exponential separation - proof

- Step 2: 

Then 

If the coefficients  
<latexit sha1_base64="0AI3pFw6XsSUiBrp4tztygnNeUE="></latexit>

ω(a)kl ({Ui}i, {Vj}j) satisfy

<latexit sha1_base64="R2iJnyACMytboVewCnwpJeLZonI="></latexit>∣∣∣C(a)
〉
→ (|U1↑ ↓ . . .↓ |UM ↑ ↓ |V1↑ ↓ . . .↓ |VN ↑) =

M∑

k=1

N∑

l=1

ω(a)kl ({Ui}i, {Vj}j) |S↑ → (|Uk↑ ↓ |Vl↑)

<latexit sha1_base64="eq+5PXluWUHrijs6vtaAtBtNORc="></latexit>∣∣∣C(a)
〉
=

M∑

k=1

N∑

l=1

|S→ ↑
∣∣∣ω̃(a)

kl

〉{I1O1...IMOMI
→
1O

→
1...I

→
NO

→
N}\{IkOkI

→
lO

→
l}

(Lemma 3)
Take



1) No-go: exponential separation - proof

- Step 3: 
Take

Then there exist  coefficients  
<latexit sha1_base64="0AI3pFw6XsSUiBrp4tztygnNeUE="></latexit>

ω(a)kl ({Ui}i, {Vj}j) that are

If
<latexit sha1_base64="3TZs87zvaRoTNhGipI67t4KL+To=">AAACHHicbZDLSgMxGIUz9V5voy5dGCyCINSZUtSFgiCIG0XBXqCtJZOmbWgmMyT/iGUYcONr+AJu9Q3ciVvBF/A5TC8L23ogcDjnD3/yeaHgGhzn20pNTc/Mzs0vpBeXlldW7bX1og4iRVmBBiJQZY9oJrhkBeAgWDlUjPieYCWvc9brS/dMaR7IW+iGrOaTluRNTgmYqG5vXeJjnL+LZbKfw3s5XAX2ADEmsoETfHXi1u2Mk3X6wpPGHZoMGuq6bv9UGwGNfCaBCqJ1xXVCqMVEAaeCJelqpFlIaIe0WMVYSXyma3H/IwneMUkDNwNljgTcT//eiImvddf3zKRPoK3Hu174X1eJoHlUi7kMI2CSDhY1I4EhwD0quMEVoyC6xhCquHkrpm2iCAXDbmRL2O5qTnViwLjjGCZNMZd1D7IHN/nM6fnjANE82kTbaBe56BCdogt0jQqIoif0gl7Rm/VsvVsf1udgNGUNsW6gEVlfv5nKoH8=</latexit>

M < 4n/2 + 2 and N = 1Alice’s copies Bob’s copies

<latexit sha1_base64="R2iJnyACMytboVewCnwpJeLZonI="></latexit>∣∣∣C(a)
〉
→ (|U1↑ ↓ . . .↓ |UM ↑ ↓ |V1↑ ↓ . . .↓ |VN ↑) =

M∑

k=1

N∑

l=1

ω(a)kl ({Ui}i, {Vj}j) |S↑ → (|Uk↑ ↓ |Vl↑)

Technique based on: Odake, Yoshida, Murao, arXiv:2405.07625 [quant-ph] (2024)

(Lemma 4)



1) No-go: exponential separation - proof

- Step 4: 

<latexit sha1_base64="DRd4oZ+haXTIz9PhgGG9gchWigk=">AAACAnicbVDLSsNAFL3xWeur6tJNsAiuSiJSXRYEcVnRPqANZTKdtEMnkzBzI4RQcOEPuNU/cCdu/RF/wO9w0nZhWw9cOJxzL/fe48eCa3Scb2tldW19Y7OwVdze2d3bLx0cNnWUKMoaNBKRavtEM8ElayBHwdqxYiT0BWv5o+vcbz0ypXkkHzCNmReSgeQBpwSN1OqOGGb3416p7FScCexl4s5IGWao90o/3X5Ek5BJpIJo3XGdGL2MKORUsHGxm2gWEzoiA9YxVJKQaS+bnDu2T43St4NImZJoT9S/ExkJtU5D33SGBId60cvF/7xOgsGVl3EZJ8gknS4KEmFjZOe/232uGEWRGkKo4uZWmw6JIhRNQnNb4mGqOdV5MO5iDMukeV5xq5Xq3UW5dvM0jagAx3ACZ+DCJdTgFurQAAojeIFXeLOerXfrw/qctq5Ys1iPYA7W1y818pki</latexit>

|S→ is the Choi vector of the quantum switch

<latexit sha1_base64="9Bn/9EKSOhNCdQRej8fBsKKsQnE=">AAACHnicbZDLSsNAGIUn9VbrLerSzWgRXNSSFKkuC4K4USrYCzShTCaTdujk4sxEDCHgztfwBdzqG7gTt/oCPodJ04VtPTBwOOcf/pnPChgVUtO+lcLC4tLySnG1tLa+sbmlbu+0hR9yTFrYZz7vWkgQRj3SklQy0g04Qa7FSMcanWd9555wQX3vVkYBMV008KhDMZJp1Ff3DRc9GPFVBV4bCTQYuYMwj2oVaB/rRtJXy1pVGwvOG31iymCiZl/9MWwfhy7xJGZIiJ6uBdKMEZcUM5KUjFCQAOERGpBeaj3kEmHG468k8DBNbOj4PD2ehOP0740YuUJErpVOukgOxWyXhf91vVA6Z2ZMvSCUxMP5IidkUPow4wJtygmWLEoNwpymb4V4iDjCMqU3tSUYRoJikYHRZzHMm3atqter9ZuTcuPiMUdUBHvgABwBHZyCBrgETdACGDyBF/AK3pRn5V35UD7z0YIywboLpqR8/QKsaKI1</latexit>

max{M,N} → max{2, d↑ 1}

If

and

Then
<latexit sha1_base64="ILGXzUL7ejXkIfSqRFG0pj4vGIs="></latexit>

C → 0 =↑ C =
∑

a

∣∣∣C(a)
〉〈

C(a)
∣∣∣

<latexit sha1_base64="q3r2p15/svVwMwzxtRCenYgzekk=">AAACFnicbZDLSgMxGIUz9VbrrepK3ASL4MYyI1JdFgbEZQv2Ap1SMmnahmYyQ/KPOAxFH8MXcKtv4E7cuvUFfA7Ty8K2HggczvnDn3x+JLgG2/62Miura+sb2c3c1vbO7l5+/6Cuw1hRVqOhCFXTJ5oJLlkNOAjWjBQjgS9Ywx+6475xz5TmobyDJGLtgPQl73FKwESd/JEnQ/C49IA9QFp1z113hMfKdfIFu2hPhJeNMzMFNFOlk//xuiGNAyaBCqJ1y7EjaKdEAaeCjXJerFlE6JD0WctYSQKm2+nkCyN8apIu7oXKHAl4kv69kZJA6yTwzWRAYKAXu3H4X9eKoXfdTrmMYmCSThf1YoEhxGMeuMsVoyASYwhV3LwV0wFRhIKhNrclGiSaUz0yYJxFDMumflF0SsVS9bJQvnmaIsqiY3SCzpCDrlAZ3aIKqiGKHtELekVv1rP1bn1Yn9PRjDXDeojmZH39Aq2HnwY=</latexit>

→↑ QC-CC

<latexit sha1_base64="eq+5PXluWUHrijs6vtaAtBtNORc="></latexit>∣∣∣C(a)
〉
=

M∑

k=1

N∑

l=1

|S→ ↑
∣∣∣ω̃(a)

kl

〉{I1O1...IMOMI
→
1O

→
1...I

→
NO

→
N}\{IkOkI

→
lO

→
l}

QC-CC definition:  Wechs, Dourdent, Abbott, Branciard, PRX Quantum 2, 030335 (2021)

(Lemma 5)
Take



1) No-go: exponential separation

Bavaresco et al., Nat. Commun. 16, 10216 (2025)



2) No-go: probabilistic simulation

Bavaresco et al., Nat. Commun. 16, 10216 (2025)



2) No-go: probabilistic simulation - proof

(identical channels)

Bavaresco et al., Nat. Commun. 16, 10216 (2025)



Technique: Probabilistic simulation

Cs(A⌦kA , B⌦kB ) = pS(A,B) 8 A,B

C = Cs + Cf

Ms˜
C

ABA

S

A

B
· · ·

|+i

|0i

|+i

|0i

2) No-go: probabilistic simulation - proof



Technique: Probabilistic simulation

Cs(A⌦kA , B⌦kB ) = pS(A,B) 8 A,B

C = Cs + Cf

max p < 1 =) impossible simulation
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A
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|+i

|0i

2) No-go: probabilistic simulation - proof



Technique: Restricted simulation

trtO

⇣
C(A⌦kA , B⌦kB )[ |+ih+|⌦ |0ih0| ]

⌘
= trtO

⇣
S(A,B)[ |+ih+|⌦ |0ih0| ]

⌘
8 A,B

Ms˜
C

ABA

S

A

B
· · ·

|+i

|0i

|+i

|0i
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Technique: Restricted simulation

restricted simulation impossible general simulation impossible=)
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⌘
= trtO

⇣
S(A,B)[ |+ih+|⌦ |0ih0| ]

⌘
8 A,B

Ms˜
C

ABA
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· · ·

|+i

|0i

|+i
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Technique: Input basis
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that forms a basis for the space spanned by 
kA copies of a channel

Technique: Input basis

A
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ABA
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kA copies of a channel
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that forms a basis for the space spanned by 
kA copies of a channel

Technique: Input basis

A

B

8,
C

ABA

S

A

B
· · ·

() 8
{Ai}i

{Bj}j that forms a basis for the space spanned by 
kA copies of a channel

kA

kB

Maximum probability of success for 
input channel basis =) Maximum probability of success for 

all channels

Ms˜
C

ABA
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A

B
· · ·

|+i

|0i
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Technique: Semidefinite programming

any feasible point that yields some

constitutes a valid upper bound
! p < 1

2) No-go: probabilistic simulation - proof



Technique: Computer-assisted proofs

2) No-go: probabilistic simulation - proof



(identical channels)

Restricted qubit simulations

Bavaresco et al., Nat. Commun. 16, 10216 (2025)



Restricted qubit simulations

(identical channels)

! p < 1Simulation with full output:

Bavaresco et al., Nat. Commun. 16, 10216 (2025)



Restricted qubit unitary simulations

Bavaresco et al., Nat. Commun. 16, 10216 (2025)



Restricted qubit unitary simulations

! p < 1

! p < 1

Simulation with full output:



3) No-go: probabilistic approximate simulation

F (S, eS) � 1� ✏



(a)

(b)

(a)

(b)

F (S, eS) � 1� ✏

3) No-go: probabilistic approximate simulation

Bavaresco et al., Nat. Commun. 16, 10216 (2025)



Conclusions

- Open questions

• Can the quantum switch be simulated with a finite number of queries?

• If yes, how is the scaling?

• What about other higher-order transformations with indefinite causal order?

• No-go theorem: the action of the quantum switch cannot be simulated by a  
quantum circuit that has access to (2,1), (2,2), or (3,1) queries of the input channels

• Robustness: probability           for 

• Exponential separation: 

- Higher-order quantum operations

p < 1 ✏ > 0

(kA, kB) = (M, 1) for M < 2n



Thank you!



Extra



Basis



The general quantum switch transformation

Ai =
X

a

↵a|i A(a)⌦A0(a) Bj =
X

b

�b|j B(b)⌦B0(b)

S ⌦ I(A,B)[�c ⌦ ⇢t ⌦ !A0B0 ] =
X

i,j

Sij(�c ⌦ ⇢t ⌦ !A0B0)S†
ij

Sij = |0ih0|⌦
X

ab

↵a|i�b|j B(b)A(a)⌦A0(a)⌦B0(b) + |1ih1|⌦
X

ab

↵a|i�b|j A(a)B(b)⌦A0(a)⌦B0(b)

S

A

B

S ⌦ I(A,B)



Cijk = |0ih⌦|Ak ⌦
X

ab

↵a|i�b|j A
0(a)⌦B(b)A(a)⌦B0(b) + |1ih⌦|Ai ⌦

X

ab

↵a|k�b|jA
0(a)⌦A(a)B(b)⌦B0(b)

Ai =
X

a

↵a|i A(a)⌦A0(a) Bj =
X

b

�b|j B(b)⌦B0(b)

Our simulation
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|aiha|a

⇢ ⇢a ⇢ ⇢a
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|0i

|aiha|
A
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First result: does not generalize of unitary dilations
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