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Formalism: Higher-order operations

quantum data:

P — p € L(Hin)
quantum states
quantum functions: - . ~ , ~
. — (' . P M C — = P C: E(Hm) — E(Hout)
quantum operations
(quantum channels)
higher-order quantum A r i 1 ~
. ] A [[:(Hm) — ,C(Hout)
operations:
_ L — dal S L(Hw) = L(Hou)
quantum processes — S

“functions of functions”




The quantum switch transformation

Chiribella, D’ Ariano, Perinotti, Valiron, PRA 88, 022318 (2013)
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The quantum switch transformation

S(A,B Uc®pt ZSZ] Uc®,0t
Sij = 10)(0] ® B A; + |1)(1| ® 4;B;

Chiribella, D’ Ariano, Perinotti, Valiron, PRA 88, 022318 (2013)



Simulation



Indefinite causal order

7 5L
! AU



Simulaton of indefinite causal order

C(A®F4 B®F8) = S(A,B) V A,B
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Simulaton of indefinite causal order

Cost: quantum query complexity
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C(A®F4 B®F8) = S(A,B) V A,B
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Rules of the simulation

Cost: quantum query complexity
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Finite number of calls

Deterministic
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Simulaton of indefinite causal order

Possible strategies for simulation:
- Ha I—J | -
s
i H L C |
: U - O
= [ UEUsl - el
I

e Infinite number of queries = process tomography

e Approximate / probabilistic simulation [1,2]

e Non-universal (particular inputs) [1}

1] Chiribella, D’ Ariano, Perinotti, Valiron, PRA 88, 022318 (2013)

2] Milz, Pollock, Le, Chiribella, Modi, NJP 20, 033033 (2018), Quintino, Dong, Shimbo, Soeda, Murao, PRA 100, 062339 (2019)
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Non-universal ssmulation: unitary channels

Chiribella, D’ Ariano, Perinotti, Valiron, PRA 88, 022318 (2013)
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Non-universal ssmulation: unitary channels

Alp] = Ualpl = > Aip Al = Ao p A}
For unitary channels: i

Blpl = Uplpl = > Bj p Bl = By p B]
J

Chiribella, D’ Ariano, Perinotti, Valiron, PRA 88, 022318 (2013)



Non-universal ssmulation: unitary channels

Cooo = [0)(0| ® Ag ® BoAp + |1)(1]| ® Ay ® Ao By (quantum circuit)

For unitary channels: Soo := 10)(0] ® BoAg + [1)(1]| @ Ao Bo (quantum switch)

Chiribella, D’ Ariano, Perinotti, Valiron, PRA 88, 022318 (2013)



Non-universal ssmulation: unitary channels

Cooo = |0)(0] ® A5 ® BoAp + [1)(1| ® Ay ® AgBg (quantum circuit)

For unitary channels: Soo := 10)(0] ® BoAg + [1)(1]| @ Ao Bo (quantum switch)
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Non-universal ssmulation: unitary channels

Cijir = 0)(0] ® Ay @ BjA; + [1)(1]| ® A; @ Ay B (quantum circuit)

+

For general channels: Sij = 10)(0] ® BjA; + [1)(1] ® A; B; (quantum switch)

Chiribella, D’ Ariano, Perinotti, Valiron, PRA 88, 022318 (2013)



Non-universal ssmulation: unitary channels

Not a simulation of the quantum switch in general.

But it can be generalized to a certain extent.



Goresult: anon-universal ssmulation



0) The general quantum switch transformation

A

—

SRL(A,B)|o.® p: Quarp | = Z Sij(0c ® pr & wA’B’)S;rj
,I:Lj

definition implied by linearity



0) The general quantum switch transformation

C(A®F4 B®F5) = S®TI(A,B) V A,B




0) Go: non-universal ssimulation for extended channels
A I A I P
| |
b

B
|

Bavaresco et al., Nat. Commun. 16, 10216 (2025)



0) Go: non-universal ssimulation for extended channels
m
A P
A I A

b

B
|

For unitary channels A: Alpl = Ualp| = Z A;p AT Ao p AT
For general channels B: Blp] = Z Bjp B;
J

Bavaresco et al., Nat. Commun. 16, 10216 (2025)



0) Go: non-universal ssmulation for extended channels
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0) Go: non-universal ssmulation for extended channels

Without this restriction,
the result does not hold.



No-go results



Main results: no-go theorems

The action of the quantum switch cannot be simulated by a quantum circuit
that has access to at most (ka, kg) calls of the input channels A and B when

(ka,kp) = (M,1) for M <2"

and \; number of qubits in

the target system

(kAa kB) C {(27 1)7 (27 2)7 (37 1)}

Bavaresco et al., Nat. Commun. 16, 10216 (2025)



1) No-go: exponenual separation

Theorem 2. There is no (ka+1)-slot higher-order trans-
formation C, described by a quantum circuit with fixed or
classically-controlled causal order, that can stmulate the
quantum switch, i.e., that satisfies

C(A®*4 B) = S(A, B) (8)

for all n-qubit mizxed unitary channels A and unitary
channels B, if

ka < max(2, 2" — 1)- (9)

Therefore, such a simulation also does not exist for all
n-qubit quantum channels A and B.

Bavaresco et al.,, Nat. Commun. 16, 10216 (2025)



1) No-go: exponential separation - proof

- Step 1: Take a simulation

(Lemma 2)

C(A®F4 B®FB) = S(A, B)

for all mixed unitary channels A, B



1) No-go: exponential separation - proof

- Step 1: Take a simulation

(Lemma 2)

C(A@kA | B®kB )

— S(A, B)

for all mixed unitary channels A, B

Assume

C>0 — C:Z

(@) ><C<a>

and

rank(S) =1 — S = [S)(S]



1) No-go: exponential separation - proof

- Step 1: Take a simulation

(Lemma?2) C(A®Fa B®k5) = S(A, B)
for all mixed unitary channels A, B
Assume
C>0— C=Y |c@ ><C<“) and rank(S) =1 —> S = [S)S]
Then

(](a)> ®\Uk @@\V c span({]S) * (|Ux) @ V1)) }wt) .



C(@) ><C<a>

C(A®Fa B®%5) = §(A, B) for all mixed unitary channels A, B

c=Y|c® ><C<a>

a

|

M

CONC | (@) [UNU| @ @ [ViXVil ) = a[S)S|+ > D ([UXUk| @ [ViXVi])

|
(@ 1URNUK @ @) [ViXVil ) < a|SKS|+ Y D~ ((UNUs| © [ViYVi)

k=1 [=1



1) No-go: exponental separation - proof

- Step 1: Take a simulation
(Lemma 2) C(A®M B®NY — S(A, B)
for all mixed unitary channels A, B

Assume

C>0— C=Y c<a>><c<a> and rank(S) =1 — S = |[S)(S]

Then C'(a)> ®\Uk ®®|V e span({|S) * (|Ux) @ |Vi)) }xi) ,

<

CW)x([U)®...0|UM) @ V1) ®...® Vi) =ZZ€(“) (Ui {V3}5)1S) = (1Ux) @ [V2)




- Step 2:

(Lemma 3)

Take

1) No-go: exponential separation - proof

CO)x(Un) e ...@Un) e V) ©...e Vi) =33 65 ({Uik {Vi))IS)* (Uk) © Vi)

If the coefficients & ,(;;) ({U; }s, {VJ}J) satisty

Then

1. independent of U and V), and

2. linear in U; and V; for all i # k, 5 # [,

C<“>> =) > [9)®

k=1 [=1




1. independent of U and V;, and
If the coefficients g;(;;)({Ui}iv {VJ}J ) satisty
2. linear in U; and V; for all 1 # k,j # I,

— Gu{Uibisns (Vidiw) = (S| | QU @ Q IVi)

ik A




1. independent of U and V;, and
If the coefficients & (a)({Ui}z’a {VJ}J ) satisty

2. linear i U; and V; for all v # k,j # I,

— Gu{Uibisns (Vidiw) = (S| | QU @ Q IVi)

ik A

which means that

CO) (U @00 © Vi) © .0 Vi) = 32367 (U (V31)18) = (04) © Vi)



1. independent of U and V;, and
If the coefficients & (a)({Ui}ia {VJ}J ) satisty

2. linear i U; and V; for all v # k,j # I,

— Gu{Uidis (Vi) = (S| | Q1) @ Q Vi)

ik A

which means that

C@)x (U1) ®...® [Un) ® 1) ®...® Vi) =22 & (Ui (Vi) 19) = () @ Vi)

- _
gkz>®\5> % @ ®®\VIO/
i=1

1M

- M
C@)« |@IUN" 0 @IV | = |3

k=1




1) No-go: exponential separation - proof

- Step 2:
Take
(Lemma 3) M N
C)# ([U) ®...8 [Un) ®V) ®... 8 [Vi)) = 3 3 &7 (Ui, {V3})1S) * (1) © [W))

k=1 [=1

If the coefficients & (a)({Ui}ia {VJ}J ) satisty
1. independent of Ur and V;, and

2. linear in U; and V; for all i # k, 5 # [,
Then

cl)) = f)f}sm )

k=1 [=1




1) No-go: exponential separation - proof

- Step 3:
Take
(Lemma 4) VN
CW) s+ (IU) ® ... [Ua) Vi) & ... @ Vi) = 3 D &7 (Uidi {Vi}))18) * (Uk) ® V1)
k=1 [=1
If

o -~

M < 4" /242 and N =1

Alice’s copies Bob’s copies

Then there exist coefficients & ;(C?) ({Ui}i, {Vj};) thatare

1. independent of U and V), and

2. linear in U; and V; for all 1 # k,j # 1,

Technique based on: Odake, Yoshida, Murao, arXiv:2405.07625 [quant-ph] (2024 )



1) No-go: exponential separation - proof

- Step 4:
(Lemma 5) fake — ~(a)
C) =3 IS® |E7)
k=1 1=1
[f
S) is the Choi vector of the quantum switch
and
max{M, N} < max{2,d — 1}
Then

c=Y"|c® ><C(“) ¢ QC-CC

QC-CC definition: Wechs, Dourdent, Abbott, Branciard, PRX Quantum 2, 030335 (2021)



1) No-go: exponenual separation

Theorem 2. There is no (ka+1)-slot higher-order trans-
formation C, described by a quantum circuit with fixed or
classically-controlled causal order, that can stmulate the
quantum switch, i.e., that satisfies

C(A®*4 B) = S(A, B) (8)

for all n-qubit mizxed unitary channels A and unitary
channels B, if

ka < max(2, 2" — 1)- (9)

Therefore, such a simulation also does not exist for all
n-qubit quantum channels A and B.

Bavaresco et al.,, Nat. Commun. 16, 10216 (2025)



2) No-go: probabilistic ssmulation

Theorem 3. There is no quantum circuit that can de-
terministically simulate the action of the quantum switch
on all quantum channels when

(ka,kB) = (2,2), (13)

where k4 1s the number of calls of input channel A and
kg is the number of calls of input channel B.

Moreover, even for a restricted simulation—i.e., for
fized input systems and discarded output target system—
the action on the quantum switch on general qubit chan-
nels, when

(ka,kB) € 1(1,1),(2,1),(2,2),(3,1)}, (14)

can be stmulated with at most a probability p < 1, with
upper bounds given in Table 1.

Bavaresco et al.,, Nat. Commun. 16, 10216 (2025)



(identical channels)

2) No-go: probabilisuc simulation - proof

(ka,kB) order probability
(1,1) AB P < 10000
AAB P < 15000
(2,1) ABA P < 16000
BAA P < 15000
AABB P < 16000
(2,2) ABAB P < 16000
ABBA P < 10000
AAAB P < 16000
(3,1) AABA P < 16000
ABAA P < 15000
BAAA P < 10005

order probability
AA P < 10000
AAA P < 10000

AAAA p=1(*)

Bavaresco et al.,, Nat. Commun. 16, 10216 (2025)




2) No-go: probabilisuc simulation - proof

Technique: Probabilistic simulation

r

L

Cs(A®%a B®%5) = pS(A,B) V A,B

C=Cs+Cy




2) No-go: probabilisuc simulation - proof

Technique: Probabilistic simulation

C

UEHEH -

Co(A®ka BPFs) :@S(A, B) VAB

C=Cs+Cy

maxp < 1 = impossible simulation




2) No-go: probabilisuc simulation - proof

Technique: Restricted simulation

_A_ ) y
)L - ¢ -
S — r r r
- EUEl - Uelh
_B_ L J v J

bt (C(A@)k“‘, B2 )[ |+)(+] @ 10){0| ]) = tre, (5(14» B)[+){+©10)(0 ]) v AB



2) No-go: probabilisuc simulation - proof

Technique: Restricted simulation

- A -
- - ¢ -
S — *
— 0) — —H A H B _ _ . —|
- B | J . J \. J

trt, (C(A@)k“‘, B2 )[ |+)(+] @ 10){0| ]) = tre, (5(14» B)[+){+©10)(0 ]) v AB

restricted simulation impossible > general simulation impossible




2) No-go: probabilisuc simulation - proof

Technique: Input basis
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2) No-go: probabilisuc simulation - proof

Technique: Input basis

v

{Ai}i

{Bj};

that forms a basis for the space spanned by
k A copies of a channel

that forms a basis for the space spanned by
k B copies of a channel



2) No-go: probabilisuc simulation - proof

Technique: Input basis

A r

_ ‘_|_>_
S —

—] 0) — — A
B | \. _J \_

"=y
i‘

Maximum probability of success for
input channel basis

{Ai}i

{Bj};

>

that forms a basis for the space spanned by
k A copies of a channel

that forms a basis for the space spanned by
k B copies of a channel

Maximum probability of success for
all channels



2) No-go: probabilisuc simulation - proof

Technique: Semidefinite programming

given {J};,{J’};,ka, ks given {J};,{JP};,ka, ks
max p min dﬁ*‘; dg;dco 0. tr(')
st Cox [(JH™ @ (JB)P) = pS* (JA® JB) Vi, j st S tr[Ry (8% (JA® IEY] = 1
C,>0, C—-C,>0, i\
P(C) = C, tr(C) = de,dy,d52 d52 | I~ Y Ry (I @ (JB)*"|T > 0

t,J

>0, P(I)=T,

any feasible point that yields some
p <l

constitutes a valid upper bound




2) No-go: probabilisuc simulation - proof
Technique: Computer-assisted proofs

Algorithm:

1. Construct symbolic non-floating point

operators I and Rf]ym by truncating them
4. Project 1™ onto the appropriate subspace

and obtaining a symbolic operator with _
to obtain P(I™™).

only rational numbers.

2. Force the operators I'S"™ and Rijm 5. Find 7 € R such that I'°* := P(I'*™) + 71 > 0
k k
to be self-adjoint by making use of and I — ), - RYf ® (JA®™ JJB® >0
the expression (M + MT)/2, which is
self-adjoint for any M. 6. Output the quantity tr(I‘°k)/dCIdtIdﬁ“2)d%BO,

which is a rigorous upper bound of the

imal blem.
3. Evaluate t%%™ .= Z” tr [Rijm (S * (JiA R JJB))] ’ primal problem

where S,J7, and JJB are also symbolic
operators. Define R{f := R/t for all

i



Restricted qubit simulations

(identical channels)

(ka,kB) order probability
(1,1) AB P < 10000
AAB P < 15000
(2,1) ABA P < 16000
BAA P < 15000
AABB P < 16000
(2,2) ABAB P < 16000
ABBA P < 10000
AAAB P < 16000
(3,1) AABA P < 16000
ABAA P < 15000
BAAA P < 10005

k order probability
2 AA p< 140000010
3 AAA P < 10000
4 AAAA p=1(*)

Bavaresco et al.,, Nat. Commun. 16, 10216 (2025)



(ka,kB) order probability
(1,1) AB P < 10000
AAB P < 15000
(2,1) ABA P < 16000
BAA P < 15000
AABB P < 16000
(2,2) ABAB P < 16000
ABBA P < 10000
AAAB P < 16000
(3,1) AABA P < 16000
ABAA P < 15000
BAAA P < 10005

Restricted qubit simulations

(identical channels)

k order probability
2 AA p< 140000010
3 AAA P < 10000
4 AAAA *)

|

Simulation with full output: p <1

Bavaresco et al.,, Nat. Commun. 16, 10216 (2025)



(ka,kB) order (unitary only) probability
(1,1) AB p ~ 0.400
AAB p =~ 0.596
(2,1) ABA p=1
BAA p ~ 0.607
AABB p=1 (%)
(2,2) ABAB p=1
ABBA p=1
AAAB p ~ 0.708
(3,1) AABA p=1
ABAA p=1
BAAA p=1 (%)

Restricted qubit unitary simulations

Bavaresco et al.,, Nat. Commun. 16, 10216 (2025)



(ka,kz) order (unitary only) probability Restricted qubit unitary simulations
(1,1) AB p =~ 0.400
AAB p =~ 0.596
(2,1) ABA p=1
BAA p ~ 0.607 Simulation with full output:
AABB *) . p< 1
(2,2) ABAB p=1
ABBA p=1
AAAB p ~ 0.708
(3,1) AABA p=1
ABAA p=1
BAAA ) . p<1




3) No-go: probabilistuc approximate simulation

~

F(S§,8)>1—¢
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3) No-go: probabilistuc approximate simulation

~

F(S§,8)>1—¢

l —+—QC-CC
ka=1 kg =1 —=—order = AB
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

€

0.4

(b)

0.9
0.8
=¥
0.7
0.6
—4-QC-CC
0 54 —s=—order = AAB
. order = ABA
ka=2,kg=1 —4—order = BAA
0.4 | | | | |
0 0.05 0.1 0.15 0.2 0.25
€

Bavaresco et al.,, Nat. Commun. 16, 10216 (2025)




Conclusions

- Higher-order quantum operations

e No-go theorem: the action of the quantum switch cannot be simulated by a
quantum circuit that has access to (2,1), (2,2), or (3,1) queries of the input channels

* Robustness: probability p < 1for € > 0

e Exponential separation: (ka,kp) = (M,1) for M < 2"

- Open questions

e (Can the quantum switch be simulated with a finite number of queries?
e [fyes, how is the scaling?

e What about other higher-order transformations with indefinite causal order?



Thank you!
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S@j —

The general quantum switch transformation

A

—
1

S ®I(A, B)

SQI(A,B)oc®@p @uwarp ] =Y Sij(0c®pr @warp)S);
2,7

0)(0] ® > By B(b)A(a) ® A'(a) @ B'(b) + [1)(1] & Z a)i B Ala) B(b) @ A'(a) ® B'(b)
ab

A; = Z%n a)® A'(a) B —Zﬁbly b) © B'(b)



Our simulation

X x ] X
A A
*— | x| |
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(a) (D) 0) '
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Firstresult: does not generalize of unitary dilations
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