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the task:
single-shot Bayesian quantum parameter estimation



Single-shot Bayesian quantum parameter estitmation




Single-shot Bayesian quantum parameter estitmation

given

parameter: 6 € [0min, Omax]
channel: {&o}o
prior: p(6)

cost/reward function: (6, 6;)



Single-shot Bayesian quantum parameter estitmation

given variables
parameter: 6 € [0min, Omax] probe state: p
channel: {&o}o measurement: {M;}..9
prior: p(6) estimator:  f(i) = 6,

cost/reward function: (6, 6;)



Single-shot Bayesian quantum parameter estitmation

~ S Z [ d85(6)r(6.0:) tx (€ 1) 6] M1y

given variables
parameter: 6 € [0min, Omax] probe state: p
channel: {&o}o measurement: {M;}..9
prior: p(6) estimator:  f(i) = 6,

cost/reward function: (6, 6;)



Single-shot Bayesian quantum parameter estitmation

{/07 {Mz}7 {éz}}

triplet of state, measurement and estimator

max max Z/d@p tr ((Ep ®id)|p| M;)
p,{M;},{0; } p.{M;},{0;}



Single-shot Bayesian quantum parameter estitmation

{/07 {Mz}7 {éz}}

triplet of state, measurement and estimator

Generally a very hard problem :(

max max Z/d@p tr ((Ep ®id)|p| M;)
p,{M;},{0; } p.{M;},{0;}



higher-order operations



Higher-order operations: quantum testers
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Higher-order operations: quantum testers

the most general set of linear maps i

such that T} : C p(i) Vi

the most general set of linear operators I;

such that p(2) =tr(C'T;) Vi

<

1 = {Tz} . € E(Hin X ngt)

Chiribella, D’Ariano, and Perinotti, PRL 101, 060401 (2008)
Chiribella, D’Ariano, and Perinotti, PRL 101, 180501 (2008)
Ziman, PRA 77, 062112 (2008)




Higher-order operations: quantum testers

Tz’ __ Tra,ux [(pin,aux Q) Hout)(ﬂin 2 (Maux,out)Tout)]

[/

<

Ti Z 07 ZTZ __ O_in 2 Hout



Higher-order operations: quantum testers
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Higher-order operations: quantum testers

{/07 {Mz}7 {éz}}

triplet of state, measurement and estimator

No

max  S— max S~ [ dop(O)r(6.0:) tr (€ @ id)[p] M)
p,{M;},{0:} pAMi}0:i; 4



Higher-order operations: quantum testers

{/07 {Mz}7 {éz}}

triplet of state, measurement and estimator

Co = > |i)(j| @ Eli)(jl]  (choi operator)

2,)
max max Z / A0 p(0) r(0, 6;) tr ((E @ id)[p] M;)
p,{M,,;},{e} M6 P,



Higher-order operations: quantum testers

{T:}

—N—

{/07 {Mz}7 {éz}}

triplet of state, measurement and estimator

Co = > |i)(j| @ Eli)(jl]  (choi operator)

1,]
max max Z / do p(6 éz) tr ((£p @ 1d)|p| M;)
p,{M;},{0; } pAM;} {0} T —_—

= tr (C@TZ)



Higher-order operations: quantum testers

~ {T:}.{6:}}

pair of tester and estimator

max & = Imax Z/dé’p 0;) tr (CoT;)
1Ti},{0:} {T:},{6:}



Higher-order operations: quantum testers

{T:}.{6:}}

pair of tester and estimator

No
max S = max Ztr (X(&’AZ) TZ)
1T },{0:} {Ti}40i) 4

A

X () — /d@p(é’)r(@,@i)Cg Vi



Higher-order operations: quantum testers

{T:}.{6:}}

pair of tester and estimator

optimal score: &*:= max S

{T:}.,{0;}

optimal protocol: {77}, {0’} := arg max S



our methods



Known optimal estimators (method 2)

for known optimal estimators: {6}



Known optimal estimators (method 2)

for known optimal estimators: {6}

No
S* = max Y tr (X(Hg‘) TZ>
T} 1=1



Known optimal estimators (method 2)

for known optimal estimators: {6}

No
S* = max Y tr (X(é’;k) TZ>
{Ti} 1=1
st.T: >0 Vi Semidefinite programming (SDP)



Problems

remaining difficulties

e finding the optimal estimators {éj I

A

e computing the integral X (0;) = /d@p(é’) r(0,0;)Cy Vi



Unknown optimal estumators (method 3)

seesaw method

given {X (6;)} given {7T; }
NO NO R
max tr | X (0;)T; max tr | X (0;)T;
st T >0 Vi st. X(6)) :/dep(e)r(é’,éz)C’g

maybe SDP
SDP maybe gradient descent

often analytical reassignment



Unknown optimal estumators (method 3)

seesaw method

extremal POVMS only |



Approximatng the integral

X (6;) :z/d@p(@)r(é’,éi)Cg Vi = X(0;) =) p(0k)r(0k,0;)Co, Vi



X (6;) :

/

Approximatng the integral

/\ _~

dip(0)r(0,0;)Co Vi =  X(0;):=> p(0k)r(0k,0;)Co, Vi

0 & [Hminy Hmax] — 6,]@ & {Hminv K



Approximatng the integral

~

X (6;) :z/d@p(&’)?‘(@,éfi)C’g Vi  —  X(6,) ::ip(é’k) (0r,0;) Co. Vi

0 & [Hmin, Hma,x] — Hk ~ {Hmina e 79max}

p(0 = O)
Zk 1]9(9 — ek)

p(6) — p(Ok) :=



Approximatng the integral

X (6;) :z/d@p(&’)r(@,éé)C’g Vi - X(6;) :zip(@k) (0r,0;) Co. Vi

0 & [Hmin, Hma,x] — Hk ~ {Hminy e 79max}

p(0 = O)
Zk 1]9(9 — ‘91@)

p(6) — p(Ok) :=

T(@, 6’1) — T(@k, él) = 7“(9 — 97{17 éz)



X (6;) -

/

Approximatng the integral

N g
dip(0)r(0,0;)Cy Vi —  X(0;) =Y p(0k)r (0, 0;)
k=1
0 C [emina Hmax] — Hk ~ {Hmina 79max}
p(0 = 0;)
(0 — p(Ok) := o
) SN0 = Op)



X (6;) -

/

Approximatng the integral

N g
dip(0)r(0,0;)Cy Vi —  X(0;) =Y p(0k)r (0, 0;)
k=1
0 C [Qmina Hmax] — Hk ~ {Hmirh 79max}
p(0 = 0;)
(0 — p(Ok) := o
) SN0 = Op)



Known optimal esumators (method 2, discretized)

for known optimal estimators: {6}

* _ 1nax tr ()A(: 0, TZ)
s = max 3 er (X(6)
st T->0 Vi Semidefinite programming (SDP)



Unknown optimal esaumators (method 3, discretized)

seesaw method

given {X (6;)} given {7T; }
No N No -~
max tr (X 6’1 TZ> max tr (X HAZ TZ)
ax Dt (X(6) e g (0,)
S.t TZEO YV 1 Zp@k Qk,

maybe SDP
SDP maybe gradient descent

often analytical reassignment

) Co

k

V1



Unknown optimal esaumators (method 3, discretized)

seesaw method

A

" p(0%) 7(0%, 0;) Co, Vi

Np arbitrarily high
No < (d; x dp)*  extremal POVMS only



Mapping to channel discrimination (method 1)

optimizing estimators and strategy simultaneously



Mapping to channel discrimination (method 1)

optimizing estimators and strategy simultaneously



Mapping to channel discrimination (method 1)

optimizing estimators and strategy simultaneously

N\

0; = 0%

Direct assignment between estimators and values in the discretization of the parameter



Mapping to channel discrimination (method 1)

optimizing estimators and strategy simultaneously

0; = 0y

Direct assignment between estimators and values in the discretization of the parameter

No Npg

S=> "> p(0r) (6. 0;) tr (Co, T5)

1=1 k=1



Mapping to channel discrimination (method 1)

optimizing estimators and strategy simultaneously

0; = 0y

Direct assignment between estimators and values in the discretization of the parameter

S=Y > pl0x)r(0k,0;)tr(Co,T;)

1=1 k=1



Mapping to channel discrimination (method 1)




Mapping to channel discrimination (method 1)




Mapping to channel discrimination (method 1)




Mapping to channel discrimination (method 1)




Mapping to channel discrimination (method 1)




Mapping to channel discrimination (method 1)

given 10;}
N ~
max » tr (X(HZ)TZ>
t1i} 1=1
* x| __ 1
s.t. 1; >0 V¢ S _S‘_O<N



Method 1

(channel discrimination)

single instance of SDP

doesn’t require previous
knowledge of the estimator

converges to optimal
solution in the limit

may require too many
measurement outcomes to
be practical

very good results in practice

Our methods

Method 2

(known opt estimator)

single instance of SDP

requires previous
knowledge of the estimator

yields exact solution

only limited number of
outcomes required

very good results in practice
even if the estimators are not

known to be optimal

Method 3

(iterative)

seesaw

doesn’t require previous
knowledge of the estimator

not guaranteed to converge
to optimal solution

only limited number of
outcomes required

very good results in practice



GCeneralizations

Multi parameter estimation

N01 N02

S=) » /d@l/dez (6",6%)r(0",6%,6;,02) tr(Cor 02 T}, i)

’&1 1’1,2 1

NOl N02 NHl NH2

Z Z Z Z p Okl ) Ok'z 0k1 ) ekz’ 9211 ) 02 ) (Ceil ,9,%2 T’il,’iz) y

21—1 22—1 kl 1 kz—

(’il,’iz) — 1, where 1 € {1, e ,NO}, NOAZ No, No,

(k1,k2) = k, where k € {1,...,Ng} Ny = Ny, Ng,

— %:i k,ex; tr(Cé'k Ti)



Generalizations

Outer approximation for strategies without memory/entanglement




Generahizatuons

Outer approximation for strategies without memory/entanglement

: : ' t
Tz’ _ Traux [(pm,aux 2 Hout)(ﬂm 2 (Maux,out)Tout)} TZ — pln R Miou

(/

17; >0 Vi

ZTi:(T@IlO



Generahizatuons

Outer approximation for strategies without memory/entanglement

1T; >0 Vau

~ D Z;Tiza@]lo D

(T)*'" >0 Vi

PPT

SDP SDP not SDP



our case studies



Case study 1: phase esumation

(a) I I I
14 +M1, NH — NO N
/E M2, Ng = 1000
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0-;3
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’:;: 0.85 - e o g g # ® z |
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channel (two-qubit): o

- 1 L
Eolp) = UppU,, Up=e "%, S, = 5 ZZWW
i=0

reward function: prior:

. 0 — b,
r(0,0;) = cos ( 5 )

estimator update:

(a) uniform

(b) gaussian

Ge _ arctan Eig;((g’z));(()) (Cos(Ok)>(i) > ()
i arctan gi:)r;((g’;))i(:)) - (cos(0x))D <0
where
(1O = w6l 160 = 30 PO £a)
k k



Case study 2: thermometry

channel (non-unitary):

pp(t) = —i[H, pg(t)] + T'inD]o4]pg(t) + LoutD]o—]pg (1)

1
E 0%, reward function: prior:
T 0967 4 A A \2 uniform
E 092 r(6,0;,) = (0 —0,)
g 0.94 - 0-?()‘_2
é — M3, Np =2
0921 — M3, No=3 |- |
‘% — M3, Np =4 estimator update: NO < d 7 X do
0ol M3, Ny = 16/ |
| Ny = 1000 A* i
l l l l 0 = <(9k>( )
0 0.2 0.4 , 0.6 0.8 1
where

(OO = 3 pl0xli) f(0r) = Y PO TLL0L
- - p(7)

f(6r)



(minimization)
o o o
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Case study 2: thermometry

t=0.05

—+ M1, Ny = No

1 M2, Ny = 1000 -
‘\ —=—M3, Ny = 1000
s = L i i = |
2 10 12 14 16 18

No

channel (non-unitary):

pp(t) = —i[H, pg(t)] + T'inD]o4]pg(t) + LoutD]o—]pg (1)

reward function:

A

r(0,0;) = (0 — 0;)

estimator update:

A

0F = (0,)"

1

where

(0N = p(0uki)f(0) = 3 2O
K k

prior:

uniform

Noéd]XdO

tr(Cngz)

p(%)

f(6r)



S (minimization)

~

Case study 2: thermometry

_—_—
—
—

0.98 |
0.96
0.04|
092

0.9

1072

Ny = 1000, Ny = 4

10~ 10Y

— — M3, no entanglement
—— M3, general

0.2 0.4

0.6 0.8

usefulness of entanglement

channel (non-unitary):

pp(t) = —i[H, pg(t)] + T'inD]o4]pg(t) + LoutD]o—]pg (1)

reward function:

A

(6 — 6;)°

r(6,0,)

estimator update:

A

0F = (0,)"

1

where

(0N = p(0uki)f(0) = 3 2O
K k

prior:

uniform

No < dr x do

tI'(CngZ)

p(%)

f(6r)



Case study 3: SU(2) esumation

—QLMl,NBl[:NO (9 . — (eatvey?ez)

M2, Ny = 103|_
—=—M3, Ng = 103

channel (multi-parameter):

Ealpl = UppUl, Up = e~ i0s0:+0,0,+0:02)

~

reward function: prior:
(b) . . ) 1 5 |
1 "+ M1, Ny = No |- r(0,0;) = — <<UQ|U9¢>> (a) uniform
M2, Ny = 10° d? ¢ .
ool e M3, Ny = 10° (b) gaussian
S
<+
©
N 08|
£
0.7 .
= estimator update:
06" .
% gradient descend
057 Y Y '
| | |
2 3 4 5 6 7 8 9 10



Summary and outlook

* Good approximations for single-shot Bayesian parameter estimation using SDPs and higher-
order operations

* Single and multiple parameters
 General strategies or restriction to no memory/entanglement

* Arbitrary channel encoding, arbitrary prior, arbitrary cost function

Future:

* Extension to multiple copies, ditferent classes of strategies
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