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The capacity of distant parties to send
signals to one another is a fundamental re-
quirement in many information-processing
tasks. Such ability is determined
by the causal structure connecting the
parties, and more generally, by the
intermediate processes carrying signals
from one laboratory to another. Here
we build a fully fledged resource theory
of causal connection for all multi-party
communication scenarios, encompassing
those where the parties operate in a
definite causal order and also where the
order is indefinite. We define and
characterize the set of free processes and
three different sets of free transformations
thereof, resulting in three distinct resource
theories of causal connection. In the
causally ordered setting, we identify the
most resourceful processes in the bipartite
and tripartite scenarios. In the general
setting, instead, our results suggest that
there is no global most valuable resource.
We establish the signalling robustness as
a resource monotone of causal connection
and provide tight bounds on it for many
pertinent sets of processes. Finally, we
introduce a resource theory of causal
non-separability, and show that it is
— in contrast to the case of causal
connection — unique. Together our
results offer a flexible and comprehensive
framework to quantify and transform
general quantum processes, as well as
insights into their multi-layered causal
connection structures.
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1 Introduction

The ability of separated parties to signal to
one another is one of the most fundamental
resources in information processing. Examples
are abundant even in everyday life; for instance,
any group call where the participants want to
communicate with each other requires a network
of communication links of sufficiently high
quality. Somewhat less mundanely, quantum
protocols such as teleportation and superdense
coding require reliable transmission of classical
and quantum bits [1].

The possibility of signalling between a set of
parties is determined by the causal structure
in which they operate. For example, if Alice’s
operations causally precede Bob’s, then Bob
cannot send any signal to Alice. More generally,
the amount of signalling between Alice and Bob
will depend on the background processes that
connect their laboratories. When the parties
operate in a definite causal order, their causal
structure can be described by the framework
of quantum combs [2—4], that is, matrices that
describe intermediate processes connecting the
parties in a given order. More generally, the
parties could operate in an indefinite causal
structure, which can be described with the
framework of process matrices [5, 6], representing
intermediate processes connecting the parties in
an indefinite order. The goal of this paper is to
provide a rigorous framework in which combs and
process matrices can be regarded as resources for
the communication between multiples parties.

The canonical framework for characterizing
resources is that of resource theories [7,
8]. Any resource theory consists of a
set of free (i.e., non-resourceful) objects and
a set of free transformations thereof (i.e.,
transformations that are assumed not to create
resources), together with resource monotones
(i.e., functions that are non-increasing under
free transformations, and as such quantify the
amount of resource in a given object).

In quantum mechanics,
have been highly successful in characterizing
resources such as entanglement [9-12], purity [13,
14], athermality [15-17], asymmetry [18-23],
coherence [24-33], imaginarity [34-36] and
nonclassicality [37] to name but a few pertinent
examples (see, e.g., Ref. [38] for an overview).

In most of the existing resource theories, the

resource theories
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resources are quantum states. Recently, there
has been increasing interest in a new type
of resource theories, where the resources are
quantum channels (that is, valid transformations
of quantum states into quantum states). For
example, in Refs. [39-41], the entanglement
of bipartite channels has been investigated,
leading to a resource theory where the free
objects are channels and the free transformations
are quantum supermaps [2, 4, 42] (that is,
valid transformations of quantum channels into
quantum channels). In an analogous fashion,
the distillation of quantum channel resources
has recently been considered in Ref. [43].
More closely related to our present work, in
Refs. [44, 45], resource theories of communication
have been introduced, focusing on the possible
transformations of communication channels.

Here we establish a general framework to
quantify the resourcefulness of the causal
structure connecting an arbitrary number of
parties. Our main goal is to characterize to
what extent a given causal structure enables
signalling between the parties. The resulting
framework will be called a resource theory
of causal connection. However, a slight
modification of the framework also allows us to
formalize an explicit resource theory of causal
non-separability, where causal indefiniteness —
instead of causal connection — is the resource of
interest. A salient aspect of the resource theories
of causal connection and causal non-separability
is that, unlike in most other resource theories,
the basic resources are neither quantum states
nor quantum channels but rather quantum
causal structures, described by quantum combs
and process matrices.  Accordingly, the free
transformations are transformations of combs
and process matrices, similar to the types of
transformations considered in Refs. [46, 47]. The
resource-theoretic study of these higher-order
processes is a relatively recent development.
Transformations of combs and the resulting
resource theories of (quantum) non-Markovianity
have been discussed in Ref. [48].
theory of superpositions of causal orders has
been provided in Ref. [49], leading to similar
mathematical structures as those encountered
in this work. Finally, the connection between
channel capacities and causal order has been
investigated in Ref. [50]. In a similar vein, albeit

A resource

not within a resource theoretical framework,
the resources required for the implementation
of different generalized quantum processes have
been investigated in Refs. [51, 52].

In general, the basic objects in our resource
theories are process matrices, representing the
background processes connecting the parties’
laboratories. We start by establishing resource
theories of causal connection. In this case the
free objects are process matrices that do not
allow for signalling between the parties. For the
free transformations, we investigate three natural
sets, one contained inside the other. The first
set is the least restrictive one, and consists of
all proper operations on process matrices that
preserve the set of free processes. The second
set consists of operations that cannot be used to
establish signalling between the involved parties.
Finally, the third, most restrictive set consists
of operations that can be actively implemented
by the parties using only local operations and
shared correlations. The ensuing three possible
sets of free transformations — of which the latter
two are the most physically motivated ones — give
rise to three distinct resource theories of causal
connection, each with its own peculiar features.

Besides establishing a general resource the-
oretic framework, we introduce quantitative
measures of causal connection. In particular, we
propose the signalling robustness as a faithful
monotone of causal connection and find tight
bounds for this monotone for the case of causally
ordered processes as well as special sets of
causally indefinite processes. As it turns out,
both for the two- and three-party scenario, the
process with the highest signalling robustness
in the causally ordered case is a Markovian
process that only consists of unitary channels
linking one party to the next. This result implies
that non-Markovian processes do not offer a
higher amount of causal connection, despite
their ability to create correlations between the
outputs of different parties. = Perhaps more
surprisingly, numerical results show that also
causal non-separability does not increase the
amount of causal connection, thus suggesting
that the advantages of causally non-separable
processes over causally ordered ones in quantum
information tasks [5, 42, 53-57] do not stem from
an increased amount of causal connection.

Like other types of robustness, the signalling

Accepted in { Yuantum 2022-08-09, click title to verify. Published under CC-BY 4.0. 3



robustness can be phrased as a semidefinite
program (SDP). Using this SDP formulation,
we provide an intuitive interpretation of the
signalling robustness in terms of the ‘number and
strength’ of causal loops that could in principle
be closed in a given process. This, in turn, offers
an intuitive interpretation of causal connection
even in cases where the underlying process is
causally indefinite.

We then explore convertibility of processes
under the free operations (for all three possible
sets thereof) in the resource theory of causal
connection. For some choices of free operations
— albeit, as we show, not all — we find that
they cannot change the causal ordering of a
process, nor can they transform causally ordered
processes into processes with indefinite causal
order. On the other hand, causally non-separable
processes can always be freely transformed into
processes with definite causal order by means of
free transformations.

Finally, we adapt our results and the
structural framework we establish for causal
connection to formulate a resource theory of
non-separability. =~ While this latter resource
theory has been alluded to in the literature [6],
to our knowledge, it has not been fully worked
out yet. Leveraging our considerations on causal
connection, we lay out an explicit resource theory
of causal non-separability and characterize the
so-called causal robustness, introduced in Ref. [6]
as a monotone in the resource theory of
causal non-separability.  Unlike in the case
of causal connection, there is
only one meaningful resource theory of causal
non-separability, namely the maximal one, i.e.,
where the set of free transformations coincides
with the set of all proper operations that cannot
create causal indefiniteness.

as we show,

Finally, using these insights from the resource
theory of causal non-separability, we return to
the resource theories of causal connection, and
show that, for two of them, there is no total
order with respect to free operations, even when
only considering the set of causally non-separable
processes.

The paper is structured as follows. In
Sec. 2, we provide the necessary mathematical
prerequisites for the discussion of general
quantum processes and transformations thereof.
Based on the notion of non-signalling (NS)

constraints, in Sec. 3, we formally introduce the
set of free processes and free transformations, the
latter based both on axiomatic and operational
considerations. The signalling robustness, as
well as its formulation in terms of an SDP is
introduced in Sec. 4, where we also provide
its alternative interpretation in terms of the
number of causal loops that can be closed in a
given process. Tight bounds on the signalling
robustness in the bi- and multipartite case, as
well as the most resourceful process on two
parties and its transformations are presented in
Sec. 5. A derivation of the unique resource
theory of causal non-separability is provided in
Sec. 6, where we also provide an investigation of
the interconvertibility of causally non-separable
processes by means of free transformations
(with respect to the resource theory of causal
connection). The manuscript then concludes in
Sec. 7. Further mathematical background and
the derivation of all monotones of the resource
theory of causal connection can be found in the
Appendix.

2 Preliminaries

Throughout this paper, we predominantly con-
sider the following scenario: Two parties (Alice
and Bob) each have independent laboratories
in which they can receive quantum states,
manipulate them, and subsequently send them
forward (we will consider all involved systems to
be of finite dimension). In a causally ordered
framework, there are three possibilities: Alice’s
actions could have an influence on the state
that Bob receives (denoted by A < B), Bob’s
actions could have an influence on the state that
Alice receives (denoted by B < A) or neither
party can influence the other (denoted by A||B).
The former two cases allow for communication
between the parties, while in the latter case, no
signal can be sent between them.

The aim of this paper is to provide a mean-
ingful and operationally clear-cut framework
to quantify the ‘value’ of the possibility of
communication between the involved parties.
We will refer to this possibility as the causal
connection between the parties. We emphasize
that, even though we mostly work in the
two-party case, most of our results hold in more
generality, and we will be explicit whenever
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Figure 1: Causal connection between two parties.
Two parties, Alice and Bob, receive, manipulate,
and send forward quantum systems.  The causal
connection between Alice and Bob determines whether
the operations performed by one party have an influence
on the state the other party receives. Specifically, we
consider the situation where Alice's manipulation can
influence the input of Bob [panel (a)], or vice versa [panel
(b)]. We will also consider more general scenarios that
do not allow one to attribute a definite causal order, but
no logical paradoxes occur [panel (c)]. Note that the
case where none of the parties can influence the other
can be considered a special case of (a) or (b).

results depend on the number of parties involved.

The causal connection between multiple
parties is described by a process matrix [5,
6], which encapsulates all situations where the
parties have a definite causal order, as well
as more exotic scenarios in which the order
between the parties is indefinite. Independent of
the respective underlying process, the operations
Alice (A) and Bob (B) can perform on the
respective quantum systems they receive and
subsequently send forward are described by an
instrument Jx = {M5%}, a collection of (trace
non-increasing) completely positive (CP) maps,
each corresponding to the implemented operation
given an observed measurement outcome of
party X, that add up to a CP trace-preserving
(TP) map. Once all possible joint probabilities
P(i,j|Ja, Ip) for all potential outcomes Alice
and Bob could obtain given their respective
instruments are measured, the underlying causal
order (or lack thereof) can be deduced.

Before providing a resource theory of causal
connection, we first introduce the mathematical
background needed to represent causal connec-
tion and its manipulation.

2.1 Choi-Jamiotkowski isomorphism and the
link product

For all of our considerations, it proves
convenient to employ the Choi-Jamiotkowski

isomorphism (CJI) to represent CP maps by

their Choi matrices [58-60]. Denoting the input
(output) space of party X by Hx, (Hx,), an
instrument can equivalently be represented by a
collection Jx = {M¥%} of positive semidefinite
matrices M% € B(Hx, ® Hx,) that satisfy
trx, (X M%) = 1x, [4]. Whenever there is no
risk of confusion, we drop the explicit distinction
between a map and its Choi matrix and we
will employ the convention X = X;Xo when
labelling Hilbert spaces. Whenever we want to
make the distinction between maps and Choi
matrices explicit, we use calligraphic letters to
denote maps, and their upright version to denote
the corresponding Choi matrix.

A particular CPTP map that we encounter
regularly is the partial trace trx, with
corresponding Choi matrix 1x, and the identity
channel Zx,_,y; with corresponding Choi matrix
OF =37, lig)(ij|, where {|ij)} is a fixed product
basis of Hx, ® Hy,. Throughout, we will
often add subscripts to the respective objects
to denote the spaces they are defined on, and
we assume that objects with different subscripts
differ, ie., Mx % My, even if Hx = Hy.
Additionally, whenever applicable, we use the
convention My := try My, etc.’

It is convenient to introduce the link product
* which allows one to express the concatenation
of maps in terms of their respective Choi
matrices [4]. Specifically, let Fixy € B(Hx ®@Hy)
and Ly € B(Hy ® Hz) be the Choi matrices
of two maps F : B(Hx) — B(Hy) and L :
B(Hy) — B(Hz). Then, the Choi matrix Nxz €
B(Hx @ Hz) of the concatenation N = Lo F is
given by

Nxz = Fxy *xLyyz

1
= try [(Fxy ® 12)(1x ® Ly%)] M
where ¢TY denotes the partial transpose with
respect to Hy. Intuitively, the link product
simply provides a convenient way of connecting
different maps in the Choi representation. If the
two constituents of the link product do not share
any spaces they are defined on, then it coincides
with the normal tensor product, i.e., F’x x Ly =

ISince the objects we consider are not always of unit
trace, we frequently abuse this notation and implicitly
assume that Mx is a trace renormalized version of
try Mxy. This slight ambiguity does not affect the
arguments we make, and whenever necessary we are
explicit about it.
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Fx ® Ly. As shown in Ref. [4], the link product
of two positive semidefinite (Hermitian) matrices
is again positive semidefinite (Hermitian).
Additionally, the link product is associative
and commutative for all cases we consider.”
In anticipation of future matters, it is worth
considering these latter two properties in more
detail. For example, the link product of three
maps

Fx*Ly*KXY :Fx*(ny*Ly)

Z(Fx*ny>*Ly (2)

can be understood in two different ways. On the
one hand, as K ‘acting on’ L, yielding a new
matrix on Hx which is then linked with F'; or
it can be read as K ‘acting on’ F, yielding a
new matrix on Hy which is then linked with
L. We emphasize that the commutativity of the
link product does not imply commutativity of the
underlying maps. While we do not exclusively
employ the link product to phrase our results,
the flexibility it provides considerably simplifies
the presentation of statements and proofs.

2.2 Process matrices and causal order

Suppose that two parties, Alice and Bob, perform
local operations in two separate laboratories.
Using the CJI for Alice’s and Bob’s instruments,
the joint probability distribution of the outcomes
can be expressed in terms of a process matriz
W € B(Ha, ®Ha, ®Hp, @Hp,) [5], as follows?

P(i, j|Ta, Tp) = tr[WT (M} ® M})]

i J (3)
=W x M) x Mg,

Mathematically, the process matrix is the Choi
matrix of a higher-order map transforming
Alice’s and Bob’s local operations into proba-
bilities [42]. This matrix contains all spatio-
temporal correlations of the underlying process
that connects Alice’s and Bob’s laboratories [61,
62]. A graphical representation of this scenario
is provided in Fig. 2.

Demanding that quantum mechanics holds
locally by requiring Alice and Bob to implement

“Commutativity only holds up to reordering of the
tensor factors of composite systems, but this subtlety will
not be of importance for the considerations of this work.

9To comply with the definition of the link product, this
definition of the process matrix differs from the one in [5]
by a transpose. This difference is a mere notational one.

Figure 2: Process matrix. In their respective
laboratories, Alice and Bob can perform arbitrary
quantum operations M};‘,Mfg transforming an input
space X to an output space Xp. All spatio-temporal
correlations between them are given by W and computed
by ‘contraction’ (i.e., link product) of W with MY and
Mg. Locally, causality holds (as signified by the arrows),
but there is not necessarily a global ordering between the
events in different laboratories.

sets of quantum instruments, and that all
probabilities must be positive and normalized,
even when W acts on correlated operations,
implies

W >0 and tr[WT(Mao Mg)=1 (4)

for all Choi matrices {Ma,Mp} of CPTP
maps. These requirements can be succinctly
summarized (for two parties) as [6]

W >0, W=Ly(W), te(W)=da,dg, ,

()

where the projection operator? Ly is of the form

Ly[W] =4oW + BoW — a58oW — BB, W
+ 40BBoW — a,40W + A,40BoW

(6)

with xW = % ® trx W. A generalization of
Ly to more parties can be found in Ref. [6].
While the explicit form of the projection operator
Ly is not intuitively obvious, individual terms
in Eq. (6) can be given a direct meaning. For
example, 4, W corresponds to the ‘Bob-to-Alice’
one-way signalling part of W, while 4,5,W
coincides with the non-signalling part of W. The
detailed forms of Ly as well as all the projection
operators we provide in the subsequent sections
follow directly from their respective defining
equation (for example, Eq. (4) for Ly ), but only
rarely allows for an intuitive interpretation — in

“The subscript ‘V’ refers to ‘valid’.
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the sense that it is not obvious why they must
contain certain combinations of individually
interpretable terms beyond the algebra that
yields them.

In what follows, we will refer to matrices W
that satisfy Eq. (4) (or the multi-party general-
izations thereof) as proper process matrices (or
simply processes) and denote the set of all such
matrices by Proc.

Throughout, we often make use of the fact that
the operator xe 1is trace-preserving, self-dual,
and a projection, as well as the fact that
xye* = yxe holds. Self-duality means that for
any two Hermitian matrices ) and R we have
tr[Q(x R)] = tr[(x@)R], while the projection
property implies that x(xR) = xR for all
matrices R. Both of these properties can be
readily seen from the definition of xe and also
hold in the link product, i.e., Qx xR = xQ* R =
x@Q * xR whenever (Q and R are both defined on
the space X.

In anticipation of later investigations, it
is worth discussing the properties of causally
ordered processes and their relation to non-
signalling constraints [63, 64] in more detail.
Following Refs. [3, 4], we often call a process
matrix that corresponds to a causally ordered
process a proper comb (or simply comb). Causal
order (for example, A < B, for two involved
parties) means that Bob cannot signal to Alice.
Put differently, in this causal order, the choice of
Bob’s instrument cannot influence the statistics
Alice records. Using Eq. (3), this implies

WASB o MY« Mp = WASB % MY« My, (7)

for all CPTP maps Mp, Mp. Using trp, Mp =
trp, M = 1p,, it follows that

WA_<B — ]]‘BO ® WB[AQA] (8)

holds, where Wp, 4,4, satisfies trg, Wp, 4,4, =
14, ® pa, [due to the normalization constraint
of Eq. (4)], and p4, is a quantum state on Hy,.

In the more general, multi-party, case, we
distinguish between ‘input legs’ of a process
(labelled by {Ar, Br,...}) and ‘output legs’ of
a process (labelled by {Aop, Bo,...}) (see Fig. 3
for a graphical representation). In slight abuse
of notation, we also use < to denote an ordering
of legs (not just laboratories), e.g., Ay < Ap <
By < Bp < Cf for the example of Fig. 3.

A Ao B, Bo G

Figure 3: Quantum comb. For any process we
distinguish between input legs — here, Ap and Bp -
and output legs — here, Ay, By, and Cj. If the process
is causally ordered, then the hierarchy of trace conditions
is satisfied (see Eqgs. (9) — (11)).

Causal ordering then imposes a whole
hierarchy of trace conditions that a comb has
to satisfy [3, 4]. For example, for the process
provided in Fig. 3, we have Wapc, > 0,

trCI WABC[ - ]]-Bo ® WAB[7 (9)
trp, Wap, = La, @ Wa,, (10)
and tra, Wy, =1. (11)

More concisely, using the operators xe defined
above, these conditions can be subsumed in one
projection operator La~p<c, as

W = La<p<c,[W]
=W -, W+ c,BoW
— 1BoBW + ¢;BoBr AW, (12)
and tr W =da,dp, , (13)

where, for compactness, we have dropped the
additional subscripts on W. The constraint
of Eq. (8) is then just a special case of the
above conditions, with a trivial final output leg.
Importantly, any comb that satisfies the above
conditions (or the multi-time generalization
thereof) corresponds to a causally ordered
process that can in principle be implemented as
a standard quantum circuit [3, 4]. We will also
refer to combs as deterministic operations.

On a formal level, causal ordering amounts to
signalling conditions. As mentioned, for a comb
that satisfies the causal ordering A < B, the
comb that Alice ‘sees’ locally is independent of
the CPTP operations that Bob can implement.
On the other hand, for the same process, Alice
can generally influence the local comb Bob sees,
i.e., there exist CPTP maps M4 and M/, such
that WA=E « My # WASB « M/, As such,
Alice can inform Bob about what operation she
performed, and thus signal to him.

In our definition of free transformations of
process matrices, we frequently encounter such
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non-signalling conditions and often express the
properties of the objects we investigate by means
of projectors like L s<p~c, employed above.

Finally, Eq. (8) (together with its version for
the case B < A) allows us to provide the formal
definition of causally separable process matrices
(for two parties) as such process matrices that
can be written as

W = pr<B + (1 . p)WB<A7 (14)

for some probability 0 < p < 1, where completely
non-signalling processes WAIB = TaoBo ®pa;B;
— which we also call parallel processes — can be
considered to belong to either the set A < B
or B < A in the above definition. Whenever
we want to express that a process is of order
X < Y but not X||Y, we will denote it by
X<Y. We call the set of causally separable
process matrices Sep. While it is not necessarily
possible to represent all W € Sep by quantum
circuits, they are nonetheless not overly exotic,
since they can be perceived as causally ordered
processes together with an initial coin flip that
decides which process is chosen in an individual
run.’

All causally ordered (A < B,B < A, and
A||B) processes as well as convex combinations
thereof are described by a process matrix of the
form (4). However, there are processes that
satisfy the requirements (4) (or variants of it, for
the case of more parties) but do not correspond
to a causally separable process [5, 65, 67] (see
Fig. 4 for a graphical representation of the set of
valid processes).

Such processes have been dubbed causally
non-separable [5, 6]. Beyond the foundational
intrigue they offer, they also widen the concept
of processes and allow us to consider the
largest class of conceivable resources for a
resource theory of causal connection. In turn,
their inclusion provides further insights into
the fundamental differences between causally
ordered and causally disordered processes; for
example, as we shall see, general processes have

°The structure of separable processes becomes more
involved in the multi-party case, where causal order could
be chosen dynamically, for example the causal ordering
between Bob and Charlie could depend on what Alice
does [65, 66]. These subtleties in the definition of
causally separable processes are not of relevance for our
considerations.

WA-<B WB<A

Figure 4: Sets of process matrices. The individual sets
of process matrices that are ordered A < Bor B < A
form convex sets, with their intersection coinciding with
the set of parallel/non-signalling processes (A||B). The
convex hull of all causally ordered processes corresponds
to Sep. The set Proc of all proper process matrices
forms a strict (convex) superset of Sep, and all processes
in Proc \ Sep are causally non-separable (CNS).

more involved interconversion relations under
free transformations than those that are causally
ordered.

In addition, causal non-separability — instead
of causal connection — can itself be considered a
resource for quantum processes. Structurally, the
objects required to build up the corresponding
resource theory of causal non-separability are
similar to those employed in the resource
theory of causal connection, and both theories
However,
defining and characterizing ‘meaningful’ sets
of free transformations for the case of causal
non-separability presents itself as a more layered
question than for causal connection (we provide a
detailed discussion in Sec. 6.1) and requires much
of the technical machinery that we provide in
the subsequent sections. Consequently, here, we
first start with a comprehensive discussion of the
resource theory of causal connection and return
to the resource theory of causal non-separability
in Sec. 6.

share some of the same monotones.

3 Resource theories of causal connec-
tion

Any resource theory is concerned with the
transformation of resources and the question of
what resources can be transformed into each
other given certain constraints. Here, the set
of resources are process matrices, describing the
background causal structure between a set of
parties.  Accordingly, the transformations of
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Figure 5: General Adapters. A process matrix Wyup
can be mapped onto another process matrix W/, g,
via an adapter, such that W/, 5 = YTa,a.B,Bo *
Wap, where X;/,0 = XI/OX}/O. Depending on the
considered resource theory, the adapter has to satisfy
certain constraints. The green border around the process
matrix W, belonging to the adapter Y, signifies that,
in general, the adapter does not have to be causally
ordered.

resources are given by supermaps (which we
denote by T). We will call such transformations
adapters, since they can generally transform
the input and output systems in the parties’
laboratories, thus serving as “adapters” from
one type of system to another, and we call
them admissible adapters if they map any proper
process matrix onto a proper process matrix. A
diagrammatic representation of the action of an
adapter on a process matrix is shown in Fig. 5.

In the following, we specify precisely the set of
free objects, and the set of free transformations
(also called ‘free operations’ or, in what follows,
‘free adapters’). Since the property of interest
is causal connection, the choice of free objects
is rather straightforward: the free objects
are process matrices that do not allow for
communication between any of the parties. For
the free transformations, on the other hand, we
will see that — besides the basic requirement of
mapping proper processes to proper processes —
there are a few possible choices, all satisfying
the basic requirement that free objects should
be mapped onto free objects. In particular, we
consider free transformations that leave the set
of free processes invariant; that cannot be used
themselves to establish communication between
the parties; or that can be implemented using
exclusively non-signalling resources. = We see
below that these requirements are distinct from
one another and lead to strictly different sets of
free transformations.

3.1 Free objects

In a resource theory of causal connection, the set
of free process matrices should not allow for any
signalling between the parties. Mathematically,
this means that the conditions

WxMy=W M,
WxMp =W xMpg (15)

have to hold for all CPTP maps M4, M/, Mp
and Mp, which means that W is ordered both
A < B and B < A. These conditions imply
that the set of free process matrices is the set
of ‘non-signalling’ or ‘parallel’ processes WAIB,
that is, processes of the form

wAlB >0 and WAl = pa;B; ® LasBo
(16)

where p4, B, is a quantum state. Concretely, we
have WA”B*MB = pa; ®14, and WA”B*MA =
pB, ® 1p, for all CPTP maps My and Mg,
implying that no signalling between Alice and
Bob can occur. Conversely, it is easy to see that
processes of the form of Eq. (16) are the only ones
that do not enable communication between Alice
and Bob.

Hence, we define the set of free objects as
the set Free = {WAlIB} of all process matrices
that satisfy Eq. (16). This definition extends
naturally to multiple parties. Equivalently, using
projectors, the set of free process matrices can
also be characterized as the set of all matrices
WAIB € B(H4 ® Hp) that satisfy

WAIlB >0,
WAIE = 4 WAIE,(17)

and tr WA = d, dp, .

We emphasize that the set of free process
While convexity is not
strictly necessary in a general resource theory, it
will be helpful in some of applications discussed
later in the paper.

It is important to point out the difference
between the above notion of non-signalling
process matrix and the notion of non-signalling
channel frequently used in the literature. In
the case of two parties, a non-signalling channel
is a bipartite channel N' : B(Ha ® Hp) —
B(Ha ® Hpr), jointly acting on systems in
Alice’s and Bob’s laboratories. The channel N is

matrices is convex.
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non-signalling from Alice to Bob if Alice’s choice
of input states cannot influence Bob’s output
state, i.e.,

tras {N[PA & TZB}} = tra {N[gA ® UB]} (18)

for all p4, £4 and np, and analogously for the case
where Bob cannot signal to Alice. A bipartite
channel is non-signalling channel (NS) if it is non-
signalling both from Alice to Bob and from Bob
to Alice (such channels are also called causal [63,
68]).

On the other hand, a non-signalling process
matriz, as defined in Eq.(15), describes a causal
structure where the local choice of CPTP map
of one party do not have any observable effect in
the other party’s laboratory. These two notions
of non-signalling can be related by considering
process matrices as channels from Ap ® Bo to
Ar ® By and realizing that, in this case, the
free processes defined in Eq. (16) correspond to a
strict subset of all non-signalling channels. The
reason for this difference is that, in the definition
of non-signalling channels, the parties are allowed
to signal only by preparing different states,
while in the definition of non-signalling process
matrix, the parties could signal by choosing local
quantum channels.

Throughout the paper,
more general signalling scenarios and always
understand non-signalling with respect to the
operations the respective party could perform in
their laboratory.

we also consider

3.2 Free transformations

The transformations in a resource theory of
causal connection are represented by adapters
that transform process matrices into process
matrices. We define their action through their
associated Choi matrices Y. Let W € B(H4, ®
Hao @ Hp, @ HB,) be a process matrix which
is subjected to a transformation and let W' €
B(HA/I ®Ha, @ Hp, © HBb) be the resulting
process matrix (see Fig. 5). Then, using the
link product, the adapter responsible for this
transformation, Y € B(Ha,®Ha,9HB, OHB, ),
with X;/,0 = XI/OX}/O, acts on a process
matrix according to

W;\’B’ = TAI/AOIBIIBO * WAB- (19)

The probability distribution observed by Alice
and Bob when performing their local instruments

—p— ——
A Ao
S ij
o Mag
—— ——
B Bo

Figure 6: Adapters as transformations of local oper-
ations. Instead of being considered a transformation
of the process matrix Alice and Bob share (depicted
in Fig. 5), adapters can also be understood as a
transformation of their local operations.

Jy = {Mi} and Jp = {ML} on the
transformed process matrix W/, 5, is then given
by

P(i, j|Tar, Tp')
= WA’B’*MA/*M]'/ (20)
= (WAB * TAIAOBIBO) * (M,ZLV * Mj/)-

In a dual fashion, an adapter can also be
understood as a transformation of the local
operations performed by the parties. This view
can easily be understood thanks to the flexibility
of the link product:

P(iuﬂjA’a jB’)
= (Wap * TAI-/AOIBI]BO) * (M,ZLV * M7 /)
= Wap * [TAJAOIBJIBO * (M}LV * M /)]

ii
:WAB*MAJB-

(21)

Consequently, one can consider Ta,a,B,;B, i
terms of the mapping (see Fig. 6)

MYy ="Ta,noBBo * MYy x M, (22)

that maps the local operations of Alice and Bob
to a new, possibly correlated operation. This
corresponds to the dual, yet equivalent, action
of the way in which we considered the action of
the adapters in Eq. (20).

Let us now turn to the definition of free
adapters. As we anticipated, there are several
potential candidates for the set of free adapters,
since which transformations are considered free
ultimately depends on the level of control that
Alice and Bob may have of the causal structure.
In the following, we lay down a hierarchy of
physically motivated requirements corresponding
to different levels of control.

Since our central concern is the ability of
parties to communicate, natural requirements for
free adapters are:
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R1. To map proper process matrices onto proper
process matrices.

R2. To map free process matrices onto free
process matrices.

R3. To not allow for signalling.

R4. To be implemented without communication
between the parties.

Requirement R1 is not specifically a require-
ment on the free transformations per se, but
rather a requirement for any physically mean-
ingful transformation on the causal structure;
valid causal structures should be transformed
into valid causal structures. Requirement R2 is
the minimal requirement on free transformations:
they should map free objects onto free objects.
Requirements R3 and R4 concern the physical
properties of the adapters themselves and
come into play as soon as Alice and Bob
either have access to the adapter (Requirement
R3) or implement the adapter themselves, by
performing operations in their own laboratories
(Requirement R4).

In the following we investigate the various
sets of transformations that follow from these
requirements and how they relate to each other.
In particular, we show that Requirements R2 to
R4 — the requirements pertaining specifically to
free transformations — form a strict hierarchy:
the set of transformations corresponding to
Requirement R4 is strictly smaller than the
set of transformations corresponding to RS3,
which in turn is strictly smaller than the
set of transformations corresponding to R2.
Consequently these three requirements will lead
to three distinct sets of free adapters, and thus
three distinct resource theories.

3.2.1 Admissible transformations

Let us start by analyzing Requirement RI,
that adapters map process matrices to process
matrices. Such adapters have been considered in
Ref. [47] but here we introduce them in a way
that is dual to previous considerations.

The set of transformations corresponding to
Requirement R1 is the set of all conceivable
transformations of causal structures, free or not.
Any adapter Ta,a,B,B, in this set satisfies the
basic condition

TAIZAO]BI]BO *Wap € Proc (23)

for all process matrices Wup € Proc. Note that
here and in what follows, we always assume Y >
0 such that all probabilities are positive, even
when the adapters only act on parts of process
matrices [2, 42, 47].

We call any T > 0 that satisfies Eq. (23)
an admissible adapter® and denote it by T* ¢
O,. Importantly, Eq. (23) can be equivalently
rewritten as

Ta,AoB;Bo * Marp is NS channel (24)

for all NS channels M4/ p/. This is the property
that we use in this paper for the investigation of
the properties of admissible adapters.

The equivalence of Egs. (23) and (24) can
be shown using the fact that process matrices
are equivalently characterized as the most
general supermaps transforming non-signalling
channels into probabilities [42], and by using
the commutativity and associativity of the link
product. The proof of equivalence is as follows.
First, suppose that Eq. (23) holds, that is, that
the matrix T%AIAOIBIIBO *x Wap is a valid process
matrix whenever Wy p € Proc. This condition is
equivalent to

(TﬁAIAO]BI]BO * WAB) * MA’B’ =1 (25)

for every non-signalling channel M p [42].
Using the associativity and commutativity of the
link product, we then obtain the condition

WAB*(T?AI./AOIBIIBO*MA’B’) =1. (26)

for every process matrix Wyp and for every
non-signalling channel M4/g,. Now, since the
process matrix W p is arbitrary, Eq. (26) implies
that T%XIAOIBIIBO * Marpr is a non-signalling
channel whenever M4/p/ is a non-signalling
channel. Hence, Eq. (24) must hold. Conversely,
suppose that Eq. (24) holds. Then, following the
above steps in the reverse order we obtain that
Eq. (23) must hold.

Summarizing, Eqgs. (23) and (24) are equivalent
conditions. Physically, their equivalence is the
higher-order analogue of the relation between
Schrodinger and Heisenberg picture of a quantum
evolution.

The characterization of admissible adapters
in terms of NS channels can be used to derive

°In what follows, A will always stand for admissible,
while A and A denote the party Alice.
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an explicit equation for the constraints that an
admissible adapter must satisfy. Recall that a
channel with Choi matrix M4p is non-signalling
if and only if [63]

xoMap = x;xoMap, (27)

where X € {A, B}. In App. A we show that this
is equivalent to the requirement

M=M—aoM+ a40M — Bo M + 458, M
- A[AoBoM + B]BOM - AoB[BoM

+ AIA()B[BOM = LnS[M]
(28)

where we omitted the subscripts on Map
and introduced the self-dual trace preserving
projector L,s onto the vector space spanned by
non-signalling channels. Naturally, since it is
the Choi matrix of a channel, M 4p additionally
satisfies Map > 0 and tr Map = da,dp,. Using
the projector L,s, in App. A we prove that the
requirement that an adapter maps non-signalling
maps to non-signalling maps is then equivalent to
the following definition:

Definition 1 (Admissible adapters). An admis-
sible adapter is a matriz Y* € B(Ha, ® Ha, ®
He, ® He,,) that satisfies

T >0 (29)
Th =T = L7 [ T4 + (Lns @ Ly, )[TY, - (30)
AB(Lyg[TH) = aparp T, (31)
tr(*) = da,dp,day dpy, (32)

where L, is the same projector as Lys but acts
on the primed degrees of freedom. The set of
admissible adapters is denoted ©,.

Naturally, this definition can be extended to
the multi-party setting in a similar vein. Note
that this definition is equivalent to that provided
in Ref. [47], the only difference being that we
characterized the admissible adapters by their
action on NS channels, rather than their action
on process matrices. While both approaches lead
to the same definition of admissible adapters, the
dual route we took here will make it easier to
directly decide whether or not a given adapter is
admissible.

Finally, it is worth stressing that the admis-
sible adapters describe all logically conceivable
transformations of process matrices, not just the

free transformations. In the next sections we will
show concrete examples of admissible adapters
that map free processes to non-free processes
(i.e., they violate Requirement R2).

3.2.2 Free-preserving transformations

Let us now analyze Requirement R2, that
adapters map free objects to free objects. This
constitutes the minimal requirement on free
adapters. The ensuing set of free-preserving
adapters, denoted by YTFF, is the set of adapters
that satisfy

TN AoB,Bo * WAIB ¢ Free, (33)

for all process matrices WAIP ¢ Free. Using

the characterization of free processes provided in
Eq. (17) this implies

A’OB’O(TFP * WAHB) _ (TFP*WAHB)

34)
FP AlBY _ g g (
and  tr(YF x W) = dy dp,
In App. B we show that this implies the
following characterization of the linear maps that
transform free processes to free processes.

Definition 2 (Free-preserving adapters). A free-
preserving adapter is a matriz ¥ € B(Ha, ®
Ha, ©@ He, ® Hp,) that satisfies

T >0 (35)
AoBo LT = AbB/OAoBOTFP ) (36)
ABAoBo LT = arprap X, (37)
tr(TFP) = dAIdBIdA/OdB/O. (38)

The set of free-preserving adapters is denoted
OrFp.

We emphasize that although the requirement
to be free-preserving guarantees that proper free
processes are mapped to proper free processes,
it alone does not guarantee that the resulting
set of operations is admissible, i.e., maps any
proper (non-free) process to a proper process. In
fact, there are free-preserving adapters that can
indeed map proper process matrices to objects
outside of the set Proc.

To see this, consider,
free-preserving adapter

for example, the

1SW _ g+ + + +
T = Py, @Ppa @y a @ Ppp

(39)
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which simply swaps Alice’s and Bob’s input
lines (see Fig. 7). This adapter maps process
matrices of the form pa,p, ® 1a,B, to PB, A, ®
1as By, where ppr 4 is simply a permutation of
pA,B;- On the other hand, starting with the
non-signalling map N = &1, A ® <I>§, . Which
1“0 10

corresponds to independent identity channels
on Alice’s and Bob’s side, respectively, we
see that YW « N = q)EIAO ® CDXIBO
holds, where the latter is a channel that
allows for perfect communication from Alice
to Bob and from Bob to Alice, and hence
does not represent a NS channel, implying
TISW ¢ ©,. This fact can equivalently
be understood in the dual perspective. To
this end, we note that free-preserving adapters
are equivalently characterized as transformations
that map general channels A}B} — Ap By to
channels A;By — ApBp. Since this latter
set of transformations is strictly larger than the
set of transformations that map NS channels
to NS channels, it follows that there exist
free-preserving adapters that are not admissible.

On the other hand, there also exist admissible
adapters that are not free-preserving. One such
example is the admissible adapter

T = WA’B’ ® I]-AB/dAOdBov (40)

which discards any input process matrix and

substitutes it for some non-free process W' ¢

Proc \ Free. This simple adapter is clearly

admissible — since it replaces any process matrix

by a proper process W, ,/ g g — but maps free
I“"O~I1-0

processes to non-free ones.

We thus conclude that neither Requirement
R1 nor R2 alone define good candidates for free
adapters. In the next section we provide a
more suitable set by imposing both requirements
simultaneously.

3.2.3 Admissible and Free-preserving transforma-
tions

Naturally, the combination of both Requirements
R1 and R2 then leads us to the maximal set
of operations that both map proper processes
to proper processes and free processes to free
processes. The adapters in this set, which
we denote by TY!P are the ones in the
intersection Oppp = O N Opp. As we will
see, adapters in this set — while mathematically

reasonable — have some undesirable properties;
for one, they can can change the causal ordering
of processes.  Additionally, they can create
causal non-separability, making them somewhat
‘too powerful’ to be good candidates for the
free operations in a resource theory of causal
connection.”

For a simple characterization, we note that
some of the properties that make an adapter
free-preserving are already implied by the cor-
responding stronger requirements on admissible
adapters; both the trace of adapters YA? ¢
Ourp as well as their trace-rescaling properties
are given by the requirements on admissible
adapters, making the corresponding conditions
for free-preserving adapters superfluous. In
particular, for any admissible adapter we have

A B A0Bo T = arprag o (L[ TY)
= A'B’ApBo (Lns ® L;LS [TA])

— w50 (LnsTY) )

A
= apAaBY",

where we used the fact that L/, is trace
preserving (such that 4 p/ (L. [TA]) = 4pTH)
as well as the fact that T* € ©, (such that
LYY = Lps @ L, [Y*)). The last equality
in the above equation is obtained by inserting
the definition of L,s. Consequently, two of the
properties of free-preserving adapters are already
implied by requirements on admissible adapters
such that the definition of free-preserving
admissible adapters is equivalent to

Definition 3 (Admissible and Free-preserving
adapters). An admissible and free-preserving
adapter is a matriz YA € B(Hp, @Ha, OHEB,®
HB,) that satisfies

TP € @,, (42)
AoBo T = A/OB/OAOBOTAFP- (43)
The set of admissible and free-preserving

adapters is denoted © ppp.

Interestingly, despite leaving the set of process
matrices that do not enable signalling between

"In Sec. 6.1, in the context of the resource theory of
causal non-separability, we will discuss the set Ousp of
admissible adapters that preserve the set Sep of causally
separable process matrices, which turn out to be the only
meaningful set of free adapters in the resource theory of
causal non-separability. As we shall see there, Osp\Orr #
?, and no inclusion property holds amongst them.
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Figure 7: Swapping Adapter. An adapter Y25V that
merely swaps the spaces A; and Bj, and Ap and
Bo, respectively, leaves the set of free process matrices
invariant. However, it obviously allows for signalling
between Alice and Bob, and lies thus in O,pp but not
in Oys. Note that the adapter T'SW that is mentioned
in the main text as an example of an adapter that is
free-preserving but not admissible has the same action
but without the second swap.

the involved parties invariant, adapters in ©pp
can both change the causal order of processes
they are applied to, and even create indefinite
causal order.

To see that admissible free-preserving adapters
can modify the causal order, consider an adapter
T25W of the form (see Fig. 7)

2SW _ g+ - + +
LT SWECT SVR-T S VN-T S A
(44)

where we assume the dimensions of all involved
spaces to be equal. This adapter amounts to two
swap operations, which lead to the relabelling
A[ — B}, Br — A’I, Ao — Bb, and Bop — Bb.
It is easy to see that this adapter indeed maps
free processes to free processes as we have

2SW
TA]/AQ]B]]BO * (pAIBI ® ]]'AOBO)

(45)
=ppia, @ Lasp s

where the inverted the labels on PB, A, signify
that the resulting state is the same as pa, B, but
with its spaces swapped. Unlike the previous
example T1SW however, the adapter, consisting
of two swap operations, is admissible. To see
this, we first consider its effect on a product
MAIIA/O ® MB}BQD of two CPTP maps. We have

29W
Ta AoBBo * (Maray, ® Mprp)

(46)
= MA]AO ® MBIBO Y

where MAIAO = MB/IB/O and MBIBO = MA/IA/O
(up to a relabeling of the involved spaces). Now,
we recall that a matrix M4p is the Choi matrix
of a non-signalling map M : B(Ha, ® Hp,) —
B(Ha, ® Hp,) if and only if Map > 0 and

Map =Y aMP oMy, S a=1, (47

(2

where all {MX),M g)} are Choi matrices of
CPTP maps and \; € R [42, 69]. Hence, Eq. (46)
implies that T2V maps non-signalling maps to
non-signalling maps, and, therefore, since it is
positive semidefinite, Y2V ¢ ©upp. However,
given that it swaps the involved spaces, a process
that has causal ordering A<B is mapped to a
process of causal ordering B'ZA’ by T25W,

Physically, the supermap Y2V implements a
transformation of causal structures that inverts
the signalling relations between Alice and Bob:
for instance, if originally signalling is only
possible from Alice to Bob, then after the
transformation signalling is only possible from
Bob to Alice.

A slight modification of the above example
shows the existence of admissible and free-
preserving adapters that can map a process of
order A < B to a process that is a convex mixture
of processes with orderings A < B and B < A.
The simplest example is an adapter that is a
convex mixture of Y2V and an identity adapter
T4 which leaves any process matrix it acts
upon unchanged (except for adding primes to all
involved spaces). Choosing T™* = pY25W 4 (1 —
p)Y ¢ OMP with p € (0,1), then yields an
adapter that maps a process matrix W4=F to

rmix , prA<B — pWB’-<A’ + (1 . p)WA’-<B’ 7
(48)

which is a convex mixture of causal orders.

However, the above process is still causally
separable, and it remains to investigate whether
admissible and free-preserving adapters can
transform causally separable to causally non-
separable processes. In App. C, we work
out a numerical method to search for such
adapters and to verify the causal non-separability
of the resulting processes. As a result of
this investigation, we indeed find admissible
and free-preserving adapters that map causally
separable to causally non-separable processes.
For details, see App. C.

The above observations suggest that, while the
set O*FP satisfies the first two requirements for a
set, of free transformations, it may be too big for
a physically meaningful resource theory of causal
connection. On the one hand, it allows one to
change between causal orders, which seems to
require internal signalling in the adapter, and on
the other hand, perhaps more surprisingly, it also
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allows one to generate causally non-separable
processes from causally separable ones. On top
of this, it is intuitively clear that the realization
of many of the adapters in Oppp requires some
form of signalling between Alice and Bob. In
Secs. 3.2.4 and 3.2.5 we will make this intuition
rigorous, showing that the adapters that can be
physically realized without signalling are a strict
subset of OAFF,

The difference between adapters that do
not generate signalling and adapters that can
be implemented without signalling operations
can be better understood by referring to two
different interpretation of the adapters. The
first interpretation is that the adapters represent
physical transformations implemented by a third
party, other than Alice and Bob, who can alter
the causal structure between them. In this
setting, the natural requirement is that the
operation should not create causal connections
where such connections were not present. In
this case, one may be interested in the set of
admissible and free-preserving adapters.

The second interpretation is that the adapters
represent physical processes that are accessible to
the parties. That is, the adapter is a multiport
device, to which Alice and Bob can connect their
inputs and outputs. In this setting, Alice and
Bob have full access to the adapter at hand and
can, potentially, use it to exchange information
with one another, independent of the process
matrix they initially shared. In this setting,
however, the correct physical requirement is
Requirement R3, which demands that free
adapters should not allow for Alice and Bob
to communicate with each other, even if they
had full access to the inputs and outputs of the
adapter at hand. As it will turn out, demanding
this additional requirement then removes many
of the surprising (and overly powerful) properties
of admissible and free-preserving adapters.

3.2.4 Non-signalling transformations

While Requirements R1 and R2 impose restric-
tions on the kinds of process matrices that
can be achieved by the action of an adapter,
Requirement R3 focuses on the properties of
the adapter when seen itself as a potential
resource shared by the involved parties. In
particular, demanding Requirement R3 amounts
to giving Alice and Bob complete access to their

Given

Figure 8: Local operations on an adapter.
access to an adapter Ta,a,B,;B,. Alice and Bob could,
in principle, use it to transmit information between them.
To do so, Alice would perform deterministic operations
on her end of the adapter, and if Bob's resulting part of
the adapter depended on said operations, the adapter
would allow for communication between the parties.
Non-signalling adapters are exactly those adapters that
do not allow for communication and the local adapters
are independent of the respective operations on the other
side (depicted above for Bob's side). Note that, for the
depicted case, a deterministic operation is of the form
QXIX('D & ]]‘XO'

respective ‘sides’ of the adapter and demanding
that they cannot use it for communication. We
will call adapters that satisfy this requirement
non-signalling adapters, denoted by TV € Oys.

Analogously to the case of channels and
processes, no signalling from Alice to Bob by
means of the adapter T means that, whatever
deterministic operation Alice performs on her
side of the adapter, once Alice’s part is discarded,
the remaining part on Bob’s side must be
independent of Alice’s operation, and vice versa
(see Fig. 8). The fact that the most general
deterministic operation Qx,x, a party X €
{A, B} could perform is a comb [4] with ordering
X;r < X; < X, < Xo implies that it
has the special form QX;X}X& ® lx,, with
trys QXIX}X’O =Qx, ® Ix: and trQx, = 1. For
short, we say that the combs (2x, X! X1, are of type
X< X7 <X},

Now, a non-signalling adapter Y 5 p g, has
to satisfy the condition that Alice’s operations
cannot signal to Bob, namely

NS _ NS
TEBBo = YA A0B B, * 24,454, @ La,
_ NS s
= TR AoBBo * 24,474, ©La,  (49)

for all combs QAIA'IAb and (NZAIA/IA/O of type Ay <
Al < Al,. Similarly, for non-signalling from Bob
to Alice, it must hold that

T%S[AO = TIEAS]A()]B]]BO * QB[B}B/O ® ]]'BO

= TIgASIAoIB[]BO *QBIBIIB/O &® ]]‘BO s (50)
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for all combs QB;B}B& and QBIB;B’O of type By <
B} < By,.

Egs. (49) and (50) can be explicitly character-
ized by a set of trace conditions, similar to the
trace conditions for causally ordered combs [4].
To derive the trace conditions for non-signalling
adapters, let us assume that Alice tries to send a
signal to Bob via the adapter Y by simply feeding
states into it. Her corresponding comb would
have the form

Qu a4, @ Lag =pa, @na, @ Lara,, (51)

where py, and N4y, can be arbitrary quantum
states. Now, requiring that the resulting comb

Ta,n0BBo * (PA; ®nay, ®Lara,)  (52)

on Bob’s side is independent of 7 AL im-
plies tra, TAI/AO]BI]BO = ﬂAb ® TAIBIBO7
while additional independence of p4, implies
tl“A/I TAI]BI]BO 14, ® T]BI]BO' The same
reasoning applies for operations on Bob’s side.

While these are not the most general
operations that Alice and Bob can perform, these
trace conditions are already sufficient to ensure
the impossibility of communication by means
of a non-signalling adapter (see App. D for a
proof). Combining them into the self-dual, trace
preserving projectors L4 and Lp, we arrive at
the general definition of a non-signalling adapter,
equivalent to that of non-signalling operations
introduced in Ref. [49]:

Definition 4 (Non-signalling adapters). A non-
signalling adapter is a matric YV € B(Ha, ®
Ha, ® Hp, ® Hp,,) that satisfies

T >, (53)
T = (La® Lp)[T"™], (54)
and trYYS = dA,odA/IdB,odB} , (55)

where Lx[Y] = T—XOT+XOX’OT_X}XOX6T+
x;x1xox. L. The set of non-signalling adapters
is denoted Oys.

We show that this definition indeed yields
adapters that satisfy Egs. (49) — (50) in App. D.
While here we focus on the two-party case, this
definition, as well as the remaining properties of
non-signalling adapters we derive in this section,
straightforwardly extend to the multi-party
scenario. Since L4 and Lp are projectors, any

TYS that satisfies the above definition is invariant
under both L4 and Lp; invariance under L4
encapsulates non-signalling from Alice to Bob,
and vice versa for invariance under Lg. The trace
condition in Eq. (55) ensures that the resulting
process matrices TDEASI AoB;Bo * Wap are always
properly normalized.

Interestingly, it can be verified that the set of
non-signalling adapters, defined by Requirement
R3, automatically satisfies Requirements R1 and
R2 as well. That is, non-signalling adapters
not only cannot be used by Alice and Bob to
signal to each other, but they also constitute
transformations of process matrices that map
Proc — Proc and Free — Free. It is important
to stress, however, that Requirement R3 is more
restrictive than the combination of Requirements
R1 and R2; as we will see in the following, not
all admissible and free-preserving adapters are
non-signalling.

Let us first show that non-signalling adapters
satisfy Requirement R1, that is, they map valid
process matrices into valid process matrices.
This could be done by insertion, i.e., by showing
that the conditions of Def. 4 imply those of
Def. 1. Equivalently, here we show that any
TS ¢ Oys maps non-signalling channels on A’ B’
to non-signalling channels on AB. To this end,
we first note that, due to the decomposition
provided by Eq. (47), we can restrict our
discussion to non-signalling maps of the product
form Mgy p = Mgy ® Mp:. For these maps, we
have

_ NS
AOMAB = AO(TAI-/AoIBIIBO * M 4 *MB’)
NS
= AOAbTAIAOIBIIBO *MA/ *MB’
_ NS
= AoAl, TR, aoB B * A4, Marx Mpr
— NS
= AOAbAIIAITAI/AOBIBO *MA’ *MB’

= AOAI (A/OA/I Tl\gAsjﬂo]BIIBo * MA/ * MB’)?
(56)

where we have used the fact that xe is a
self-dual projection (i.e., it can be moved around
freely in the link product) and the condition in
Eq. (27) A/OMA/ = A/OA/IMA/ of CPTP maps.
Since 4,¢ is a projection, the above implies
AOMAB = AIAOMAB' Thus, given that Map
satisfies Eq. (27), it is non-signalling from Alice
to Bob. Analogously, we can show that Map
is non-signalling from Bob to Alice. Both the
positivity of Map and tr(Map) = da,dp, are
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easy to see, implying that an adapter TN ¢
Oys maps any non-signalling channel M4/p to
a non-signalling channel M4p, thus satisfying
Requirement R1. Naturally, this result can be
extended to more than two parties.

Now we show that non-signalling adapters
also satisfy Requirement R2, i.e., they map free
processes to free processes. This follows by
application of the properties of non-signalling
adapters Y and free processes W4IB, which
satisfy WwAlB — AoBo WAIB . With this, we have

A'||B' .__ ~~NS A||B
wANE =1 ) BB, * WA
_ NS A||lB
- AOBOTA]AO:[B]]BO * W ||
_ NS A||B
= Ang)(TA,AOB,BO « WAl )

_ A'||BY
= A, WHIT,

(57)

where, like in the previous derivations, we have
used the properties of the operator xe as well
as those of non-signalling adapters. Again,
positivity and proper trace normalization follow
directly.  Hence, non-signalling adapters are
free-preserving.

Summarizing, non-signalling adapters satisfy
Requirements R1 and R2; we have Oyg C Oypp.
We now show that this inclusion is strict, i.e.,
Oxs C Oupp (in what follows, ‘C’ will always
denote strict inclusion). For this purpose, we
provide a concrete example of an adapter that
satisfies Requirements R1 and R2 but not R3.

Again, we consider the adapter YT2W ¢
Opp from Eq. (44), that implements two
swap operators on the process matrices that
it acts upon. We have previously shown that
this adapter is admissible and free-preserving.
However, as we have also seen, it can change
the causal order of processes, a property that,
as we show in the following, cannot be exhibited
by non-signalling adapters, proving that T25W ¢
@NS-

Let us see that every non-signalling adapter
must preserve the causal order of process
matrices, a property which is interesting in its
own right. This statement is proven by direct
insertion. Let Wsp be a process matrix with
causal ordering B < A. From Eq. (8) we see that
this implies Wap = a,Wap and a,a,Wap =

AoA;BoWap. With this, we have

/ ._ ~Ns
WA/B/ = TAIAO]BI]BO * WAB
_ NS
— Ao TA]AQ]BI]BO * WAB (58)
_ NS _ /
= AbTAlAOBIBO *WAB = AbWA’B’7

where we have used the causality constraints on
Wap, the property 4,T% = 4 AL TY [which
can be seen by direct insertion into Eq. (54)],
as well as the self-duality of the operators xe.
In the same vein, one shows that AL AL Whig =
AL A B/OWA, g implying that W/, 5 has causal
order B’ < A’. Consequently, since the same can
be shown for processes that are ordered A < B,
adapters T¥ € Oyg do not change causal order,
which means that T2V € O,pp \ Ops. We thus
have Oyg C O,FP.

From the linearity of the action of Y, one can
also conclude that non-signalling adapters map
causally separable process matrices to causally
separable process matrices, a property that, as we
have seen, is not satisfied by all adapters TA? ¢
@App either.

Hence, non-signalling adapters form a strict
subset of the set of admissible and free-preserving
adapters and not only satisfy the additional
desirable property of not allowing for signalling
between the involved parties, but moreover
preserve causal order. However, the fact
that non-signalling adapters do not allow for
signalling does not necessarily mean that they
can be implemented with non-signalling resources
alone. The implementation of adapters and the
final requirement R4 are discussed in the next
section.

3.2.5 Transformations from local operations and
shared entanglement

Requirement R4 demands that adapters should
be implementable using only non-signalling
resources, such as local operations and shared
entanglement. On the hierarchy of control over
the adapters, we are now at the point where
Alice and Bob do not just have access to their
respective parts of the adapter, but, in order
for the adapter to be free, they have to be able
to implement it without employing signalling
resources. Such non-signalling resources are
local operations and shared entanglement and,
following the literature on such operations [69,
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70], we denote the corresponding adapters by
TLDSE c @LDSE-

As an example of such an adapter, consider
the case where Alice pre-processes the quantum
state she obtains by means of a CPTP map
Ap,, then performs her CP map MY, and
post-processes the resulting state by means of
a CPTP map I'p, before sending it forward.
Such processing would change Alice’s and Bob’s
respective probabilities, but would not constitute
any additional signalling (besides the one given
by W) between both parties (see Fig. 9). With
this, if Bob also pre- and post-processes (using
the CPTP maps Ag, and I'p,), the joint
probabilities for measurements in their respective
laboratories are given by:

P(i, j|Tar, Tpr)

= Wap * (Ap, *Mf;v *T'a,)
* (A, * M2, *I'p,)

= (Wap*xAp, *xI'a, * A, xI's,)
* (MY * M2,

=: (Wap * TIZADIS/%OIBIBO) * (MY » ML),

(59)

where we have defined the adapter TIZAOISA% oBBo €

B(Ha, ®Ha, @ Hr, @ Hp,,) which encapsulates
how the original Wap € B(Ha ® Hp) gets
transformed when Alice and Bob perform their
local pre- and post-processing. Such local
operations (and the adapters Y% g g they
implement) have been considered in Ref. [6]
as a set of operations under which causal
robustness (a measure of causal non-separability,
see Sec. 6.2) is monotone. As above, here, we
have employed the flexibility of the link product;
while the pre- and post-processing operations A
and I' can be understood as transforming the CP
maps M?, and M}, respectively, they can also
be understood as a transformation of W, leading
to the above definition of the adapter YTOSE,

Additionally, Alice and Bob can perform
more general operations without signalling
to each other. For example, instead of
independent pre- and post-processing operations,
they could correlate their respective operations,
both in a classical or quantum way, effectively
implementing local combs Ca,a, (Cs,B,) with
causal ordering Ay < A} < A, < Ao (Br <
B} < Bj < Bo) (see Fig. 9 for a graphical
representation).

Figure 9: Adapters from local combs. Alice and
Bob can effectively change the underlying process matrix
by applying local, mutually independent combs. As
a special, memoryless, case, this includes the scenario
where Alice and Bob merely pre- and post-process the
state they receive and feed forward, respectively, by
means of independent maps Aa,,I'a,, AR, and I'p,,.

Due to their causal ordering, these combs
satisfy [4]:
tr)(o CX[XO - ]]-X’O & CX[7 trX} CX] - ]]-XI ’
(60)

and Cx,x, > 0 for X € {A, B}. Following the
same reasoning that led to Eq. (59) we see that
the corresponding adapter is given by

TarhoBBo = Chino * OB Bo (61)
=Ca,np @ OBB, -

Finally, Alice and Bob could also share parts of
an entangled state P3, A, BB, which, together
with local CPTP operations, they can use to
implement an adapter (see Fig. 10 for a graphical
representation). Concretely, the most general
adapter TffEOIBIIBO they could create in this

way is of the form

LOSE
T./A.[AOIB[]BO
Din, * A58, *Tom,
(62)

= P3,A BB, * MNaa, *

This motivates the definition of LOSE adapters
as those transformation that can be implemented
by means of shared entanglement and local
operations:

Definition 5 (LOSE adapters). An adapter from
local operations and shared entanglement TUOSE ¢
BHa, @Ha, @HB, @HB,,) is a linear operator
that can be written in the form of Eq. (62). The
set of these free adapters is denoted Orgsg.

Accepted in { Yuantum 2022-08-09, click title to verify. Published under CC-BY 4.0. 18



’
(¢]

PRALES

B,

Bo

Figure 10: LOSE Adapters. Alice and Bob can share
an entangled state and use it for local processing by

means of the local maps A}ZI X, and F)?,XO. The

resulting adapters do not allow for signalling between
the two parties and contain the adapters of Fig. 9 as a

special case. Note that the additional spaces X(, could
be absorbed — here and in the main text — into )?[. The
additional ‘lines’ have been made explicit to emphasize
that the entanglement can be shared between all parts
of the adapter.

This definition is in the spirit of local
operations and ancillary entanglement provided
in Ref. [49]. Evidently, it can be extended to the
multiparty case, without any added difficulties.
Note that satisfaction of Eq. (62) automatically
implies YX05E > 0, as it is the link product of
positive semidefinite operators, and it guarantees
that YTLO5E is properly normalized.

Any such adapter forbids signalling between
Alice and Bob, and therefore it automatically
satisfies Requirement R3, i.e., Opgsg C Oys. As
a consequence, it also preserves causal order and
satisfies Requirements R1 and R2 (see App. E for
a rigorous proof of these statements).

However, Requirement R4 is more restrictive
than Requirement R3, as there are non-signalling
adapters that cannot be implemented by local
operations and shared entanglement. To
show that the inclusion ©Opgsg C Oyg IS
strict, we employ a result of Ref. [68], where
the existence of non-signalling channels that
cannot be implemented by means of shared
entanglement and local operations was shown
(expressed in the nomenclature of Ref. [68], there
are bipartite channels that are causal but not
localizable). Using two such maps € : B(Ha, ®
Hp,) — B(’HA} ® HB}) and F B(HA’O ®
Hp:)) = B(Ha, @M B, ) with corresponding Choi

matrices Fp,B, and Fp,B,, We can construct a
non-signalling adapter

TI}IASIAo]BI]BO - EAI]BI ® FAO]BO' (63)

The fact that this indeed defines a non-signalling
adapter can be seen by direct insertion into
Eq. (54) and using the fact that E and F are
the Choi matrices of non-signalling channels. If
this adapter were of the form of Def. 5, then we
would have

EpB; @ Fa, B,

= P44 5,5, * M, * T o, *AEe, * T 5B, -
(64)

Now, tracing out the degrees of freedom
ApBo (i.e., tracing out Fa,B,) and using the
properties of the maps on the RHS of the above
equation, we obtain

Enm; = 07,5, * M, 3,0 * A58, (69)

where AXI XX is the Choi matrix of a CPTP

map L : B(H)?I ® Hx,;) = B(Hx;). However,
Eq. (65) would provide a decomposition of
Ep,B, in terms of local channels and shared
entanglement (which, by assumption, it does
not admit), thus implying that the adapter
T%SIAOBIBO = Fp,B;, ® Fa,B, cannot possess
a decomposition of the form of Eq. (64).
Consequently, we have shown the full hierarchy
of strict inclusions Orgsg C Oxs C Oppp (see
Fig. 11).

While operationally clear-cut, the definition
of adapters from local operations and shared
entanglement is, however, too narrow to lend
itself to a simple characterization. Given a
positive semidefinite matrix Y, it is unclear how
to show whether it is of the form of Eq. (62)
(already for channels, the membership to the set
of LOSE operations is NP hard [69]). This is
reminiscent of the difficulty to characterize, e.g.,
LOCC operations [71] in the resource theory of
entanglement, or the problem of characterizing
the set of entanglement-breaking supermaps that
are obtained from entanglement-breaking pre-
and post-processing [72]. In either of these cases,
the original set of transformations is extended
to the set of completely resource non-generating
operations (separable maps [73] in the former
and entanglement-breaking supermaps [72] in the
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Figure 11: Sets of adapters. The individual sets
of adapters follow from the Requirements R1 — R4.
Requirement R1 leads to the set ©, of admissible
adapters (Def. 1); Requirement R2 leads to the set
Opp of free-preserving adapters (Def. 2), of which
the operators inside the beige area are not proper
transformations of process matrices; the combination
of both Requirements R1 and R2 leads to the set
O,rp of admissible and free-preserving adapters (Def. 3);
Requirement R3 leads to the set Oys of non-signalling
adapters (Def. 4), which coincides with the set Ocy
of completely admissible adapters (Prop. 1); and
Requirement R4 leads to the set Ogsg of adapters from
local operations and shared entanglement (Def. 5).

latter case). Here, as we have seen, there are at
least two distinct possibilities of extending the set
OLose to a more mathematically amenable set of
free operations, namely Oys and O ypp.

3.2.6 Defining free transformations

The analysis of potential free operations for
a resource theory of causal connection yields
(at least) three distinct sets of free adapters,
Orose C Ons C Oppp, each corresponding to a
different level of control that the involved parties
have over the adapter at hand. Both of the
sets Orgse and Oyg respect Requirements R,
R2 and R3: they map non-signalling maps to
non-signalling maps (and hence proper processes
to proper processes), they map free processes
to free processes, and they do not allow for
signalling between the parties that share them.
Additionally, they both preserve causal order. In
particular these latter two properties — both of
which are not necessarily satisfied by adapters
TAP ¢ Oy — are properties one would expect
from free transformations in a resource theory of
causal connection (see Thl. 1 for a collation of the
properties of different sets of adapters). Hence,
the adapters in Oupp, while mathematically

Pres. | Pres. | Pres. | non- | no sign.

Proc | Free Sep sign. | required
S yes no no no no
OFp no yes no no no
Ourp yes | yes no no no
Ons yes | yes | yes | yes no
Orose | yes | yes | yes | yes yes

Table 1: Sets of Adapters and their properties. The ©,
and Ogp constitute the sets of adapters that preserve
Proc and Free, respectively. Adapters in ©upp, Oys
(which coincides with ©¢,), and Opgsg preserve both
Proc and Free and can thus meaningfully be considered
as free. However, adapters in ©urp could be used for
signalling purposes and can map causally separable to
causally non-separable processes. Adapters in Opgsg, the
smallest set of free processes we consider, do not even
require signalling resources for their implementation.

clear-cut, seem overly powerful. Consequently,
in the following, we will predominantly focus on
the resource theories of causal connection based
on the free adapters Oyg and Opgsg. Whenever
applicable, we will be explicit about whether
or not properties we derive are also valid for a
resource theory based on O ppp.

The sets Orgsg and Oyg we focus on from
now on differ in the following aspect: on the
one hand, the set of NS adapters possesses a
simpler mathematical characterisation, while not
necessarily having a straightforward implementa-
tion in terms of non-signalling resources; on the
other hand, adapters from local operations and
shared entanglement are equipped with a simple
physical implementation but have a cumbersome
mathematical characterization.

From now on, our default choice of free trans-
formations will be the non-signalling adapters
(see Def. 4). That is, we set

@Free = @NS' (66)

Whenever free adapters are mentioned — unless
explicitly stated otherwise — it will be understood
that we are talking about non-signalling adapters
and in order to emphasize the non-signalling
property of the free adapters, we will continue
to denote the set of free adapters by Oyg instead
of OFree-

3.3 Completely admissible adapters

Up to this point, when considering adapters
YTa,a BB, We have always considered their
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action on process matrices Wy p (or, equivalently,
on non-signalling channels M 4/p/). In principle,
though, an adapter YTa,a,B,B, could also act
on a non-signalling channel M wigp (with
AYA; 4 BLBo and ByBr /A ALAp), ie.,
act non-trivially only on parts of it (here, the
degrees of freedom denoted by primed labels),
and trivially on the rest (here, the degrees
of freedom denoted by labels with a bar).
A natural requirement on adapters is then
that they are completely admissible, i.e., they
map non-signalling channels to non-signalling
channels, even when acting non-trivially only
on parts of them. Somewhat surprisingly, this
additional requirement already removes all of the
peculiarities we have encountered with respect to
adapters in ©, and O,pp, and, as we show in this
section, the set of completely admissible adapters
coincides with Oyg, providing yet another reason
to choose the latter as the set of free adapters.

To show this, let us first define completely
admissible adapters:

Definition 6 (Completely admissible adapters).
A completely admissible adapter is a positive
semidefinite matriz Y* € B(Ha, @Ha, 9HB, ®
HB,,) that satisfies

TR AoBBo * Muin s (67)

is mon-signalling A;A; 4 BoBo and BrBr #
ApAo for all non-signalling channels MA’AB’B
(AYA; + BLBo and B)Br /4 ApAo) and
arbitrary additional spaces {Ar, Ao, By, Bo}.
The set of completely admissible adapters 1is
denoted Oc¢y.

Naturally, the above definition is equivalent to
demanding that a completely admissible adapter
T?AAI AoB;B, Maps proper process matrices to
proper process matrices even when only acting
non-trivially on a part of them.

It is easy to see that Def. 6 directly excludes
adapters like the two-swap Y2W € ©,pp, which
we discussed in Sec. 3.2.3 as an example of an
admissible and free preserving adapter that can
change the causal order of a process matrix.
More generally, it turns out that any adapter
that allows for communication between Alice
and Bob maps some non-signalling map to a
signalling map when only acting non-trivially
on a part of it. Since the set of non-signalling
adapters is exactly Oys, we have the following
Proposition:

Proposition 1. For any choice of spaces
{A1,A0,B;,Bp} the corresponding sets of com-
pletely admissible adapters and mnon-signalling
adapters coincide, i.e.,

@CA = @Ns . (68)

The proof of this theorem can be found
in App. F. Importantly, it provides a more
fundamental interpretation of non-signalling
adapters beyond the considerations of the
resource theory of causal connection; they
correspond exactly to the largest set of adapters
that is admissible as soon the adapters can
also non-trivially act on additional degrees of
freedom.

Naturally, the question arises, if, instead of
considering the set of completely admissible
adapters, one could have also considered the set
of completely free preserving adapters instead,
to arrive at a similar result. However, it is
easy to see that all free preserving adapters
are already completely free preserving: any
matrix TI?APIAOIBIIBO > 0 for which TXIAOBIBO *
(paB; ® Lags,) = parp, ® lg p holds
for all quantum states pa,p, directly satisfies
TR aoBBo * (PayirsB, © Lapiosois)
Pa, A BB, ® ]lA’OAoB’oBo for all quantum states
Pa; A8, B, Consequently, requiring adapters to
be completely free preserving does not add any
additional constraints on the adapters in Ogp.
With these final remarks on the structure of
adapters out of the way, we now return to the set
of free process matrices and show that it already
follows entirely from the properties of the set Oys
of free adapters that we chose.

3.4  Free objects revisited

So far it seemed natural to define the free process
matrices as those of the form pa, g, ®1 4, B, since
they constitute the set of non-signalling process
matrices. However, except for the derivation of
Ourp, the set of free process matrices did not
crucially enter our consideration of free adapters,
since both ©Oyg and Oigge are derived from
considerations of the (non-) signalling properties
of the adapters instead of the free processes
themselves.

In principle, all free process matrices should be
obtainable from free adapters via contraction of
the excessive degrees of freedom. This property
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does indeed hold for all the sets ©yrp, Oyg, and
Orose- To prove this fact, it is enough to show
that every free process matrix can be generated
from adapters in the most restrictive set Orgsg.

To this purpose, note that p Ap, ©
14,a,BBy/d4,dB, is a LOSE adapter for
arbitrary quantum states p ALBY- In particular,
this holds even if the input of the adapter is
trivial, that is, if A;, Ao, By, and Bp are
one-dimensional systems. In this case, the LOSE
adapter simply generates the free process matrix
parp, @ La g .

The above observation suggests an alternative
way to motivate the resource theory of causal
connection, starting from the free operations
instead of starting from the free objects. The
argument is as follows: (1) the operations (free
or not) of the resource theory are admissible
adapters, that is, valid transformations of process
matrices, (2) the free operations are those that
cannot be used to signal from Alice to Bob,
or vice-versa, that is, the adapters satisfying
Requirement R3, (3) the free objects are the
free transformations with trivial input systems
A, Ao, By, and Bp. This alternative
argument leads to the resource theory of causal
connection with the non-signalling adapters as
free operations. Naturally, the same argument
can be employed for the set of LOSE adapters
(yielding the same set Free of free process
matrices), leading to a resource theory of
causal connection with LOSE adapters as the
free transformations and non-signalling process
matrices as the free objects.

4 Measures of causal connection

Having the set Free of free objects and the set
Oys of free transformations at hand, we can now
introduce a measure of resourcefulness for process
matrices in terms of their generalized robustness,
i.e., their robustness against ‘worst-case’ general
noise [74]. Specifically, we analyse two kinds
of generalized robustness: with respect to the
set Free of free (or non-signalling) processes —
called generalized signalling robustness R¢(W)
— and with respect to the set Sep of causally
separable processes — called generalized causal
robustness R.. This latter robustness is a
natural resource monotone for the resource
theory of causal non-separability (see Sec. 6.1).

Both of these robustness measures will provide
us with monotones of the resource theory of
causal connection and allow us to analyse the
interconvertibility of process matrices under free
adapters.

We start with a discussion of the signalling ro-
bustness and its physical interpretation, followed
by an investigation of the interconvertibility of
causally indefinite processes.

4.1 Robustness of signalling

A generally used concept for the resourcefulness
of an element of a resource theory is that
of robustness against worst-case noise. Here,
we follow this program and introduce the
(generalized) robustness of signalling, or simply
signalling robustness, Rs(W), which measures
the maximal robustness of a process matrix W
under worst-case general mixing with respect to
the set of free objects (i.e., the non-signalling
process matrices in Free). We thus define R4(W)
of a process W as

T
Rs(W) = min {s > O‘M =Ce Free} ,
TEProc 1+s
(69)

where T' € Proc is a proper process matrix.
Notice that, while we mostly work in the
two-party scenario, this definition is valid for any
number of parties. The signalling robustness is
a faithful measure of causal connection — clearly,
Rs(W) =0 for all W € Free and Rs(W) > 0 for
all W ¢ Free.

Additionally, R4(W) is a convex function on
Proc. While this property is not necessary for a
resource measure it sure is desirable. Convexity
can be proven in the same vein as the analogous
proof for the robustness of coherence [31] (see
App. G for an explicit proof).

More importantly, Rs(WW) is non-increasing
under the free adapters Oyg, making it a
monotone of the resource theory of causal
connection. For the signalling robustness to be
non-increasing under the action of an adapter
T € Oyg, it is sufficient for T to map free
process matrices to free process matrices, a
fact we have already shown above. In detail,
let a process matrix W have an optimal |[with
respect to the signalling robustness, see Eq. (69)]
decomposition W = (1+R,(W))C* —Rs(W)T™,
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where C* € Free and T* € Proc. Applying the
adapter T to W yields

TxW
=(1+Rs(WHYT*C*) —Rs(T*T*) (70)
= (1+RsW))C" — Rs(W)T",

where ¢/ € Free and T € Proc. Since
Eq. (70) is a valid — but potentially not optimal
— decomposition for T x W, this implies that its
signalling robustness is at most R4(W). Hence,

Ro(T* W) < Ry(W). (71)

Since the above proof only relies on the
invariance of Free under the considered adapters,
R, is also a monotone under the action of
adapters in Ojpp. Being a monotone of
causal connection, Rs(WW') provides a necessary
condition for the interconvertibility of process
matrices by means of free adapters; if Rs(W’) >
Rs(W), then there is no free adapter Y such
that W' = T %« W. As we shall see,
unsurprisingly, this condition is not sufficient.
For comprehensiveness, using recent results
presented in Ref. [40], in App. J we derive
all monotones of the resource theory of causal
connection, i.e., all functions f(Wxp) that are
non-increasing under free adapters. This, in
turn, provides — in principle — an unambiguous
way to decide whether or not a process
matrix can be transformed into another by
However, the
resulting monotones are rather abstract, and we
will not use them in what follows to decide
interconvertibility between processes.

Conveniently, analogously to other robustness
measures in the literature [23, 31, 75, 76] the
computation of Rs(W) can be phrased as a
semidefinite program (SDP). Naively, for two
parties, we obtain Rs(WW) as the solution of the
optimization

means of free transformations.

given W
minimize s
W +sT
il
Ly(T)=T
tr(T) = dAodBo
tr(pa,p,) =1
T >0, pa;B, =20,

subject to = pA;B; ®LayB,

(72)

s >0,

which is not an SDP per se. However, by setting
T := sT and pa;B; = (1 + s)pa, B, and making
the substitution 7' = PA;B; ® LaoB, — W, the
above problem can be stated as the following
SDP:

given W
min tr(pa,p,) — 1
st. pa,B, ®La,, —W >0
pa,B; > 0.

(73)

This generalizes easily to more than two parties.
We can use the above SDP to obtain a better
operational understanding of the signalling
robustness via the corresponding dual problem.
As it is easy to see that the above primal problem
is strictly feasible (choose, e.g., pa, B, = Ala,B,
and A > MApax, where Ajax is the maximal
eigenvalue of W), this dual provides the same
value for the signalling robustness as the original
SDP. By assigning the dual variable S to the first
inequality constraint of the primal, we obtain
Rs(W) as the solution of the dual problem

given W
max tr(WS)—1
st. S>0
1 —tra,p,(S) > 0.

(74)

On the one hand then, the SDP (73) and its
dual provide the numerical tools to evaluate the
signalling robustness of some interesting process
matrices (and we will use them throughout
to compute numerical values for the signalling
robustness).  On the other hand, the dual
problem provides us with a concrete physical
interpretation of the signalling robustness and
connects it to the concept of witnesses of causal
connection.

4.2 Operational interpretation of the signalling
robustness

Below, we will see that the signalling robustness
can be interpreted in terms of witnesses for
causal connection. Besides this somewhat
technical interpretation, the dual problem (74)
of the SDP (73) offers a much more direct and
operational interpretation of Rs(W).

To see this, first note that the second condition
in the dual SDP (74) can be replaced by
tra, B, S = 1 without loss of generality. Indeed,
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Figure 12: Contracting an A < B comb with 5’.
A channel with corresponding Choi matrix S’ generally
allows for signalling from B; to Aj, depicted by the
dotted loop. Concatenating such a channel with, for
example, a comb WA“;B with causal ordering A < B
then closes causal loops. The remaining dotted lines
depict the other possible communication lines S’ allows
for.

for any S > 0 that maximizes tr(WS) — 1 and
satisfies 1 — tra,B, S = D > 0, we can define
S'=8S+D® ;AAOOdiOO , which satisfies S’ > 0 and
traps, S’ = 1, as well as tr(WS’) > tr(WS).
The property tra,p, S’ = 1 together with §' > 0
implies that S’ is the Choi matrix of a general
— potentially two-way signalling — channel from
ArBy to ApBo.

Generally, ‘plugging’ such a channel into W,
i.e., computing tr(WS) = W x ST leads
to causal loops. To see this, we note that
the property Ly (W) = W implies 4,5, W =
A;ApBBoW = 1/(da,dp,), which means that
tra,B, W = 14,B,, making W the Choi matrix
of a channel from ApBp to A;B;. In general
then, concatenating a channel from ApBp to
ArBy (with corresponding Choi matrix W) with
a channel from A;B; to ApBp creates causal
loops (see Fig. 12 for a graphical depiction).

In this sense, tr(WS’)—1 is a quantifier for the
‘amount’ of causal loops that would be closed in
W if one could contract it with a general A;B; —
AoBo channel S’. Importantly, this intuitive
interpretation is compatible with our previous
considerations; if W € Free then tr(WS")—1 =0
and no causal loops can be closed.

4.3 Witnesses of signalling robustness and
transformations under free adapters

In addition to providing an intuitive interpre-
tation of the signalling robustness, the above
dual problem and, in particular, the new variable
S are directly related to witnesses of causal

connection. Here, we clarify this connection. The
set of free process matrices is convex, and as
such, there exist Hermitian matrices S (called
witnesses) that satisfy tr(SW) > 0 for all W =
pA;B; © la,B, and tr(§W) < 0 for at least one
W ¢ Free. This allows us to characterize the set
of witnesses of causal connection. Since
tr[S(pAIBI ® ﬂAoBo)] = tr(pAIBI traoBo S)
(75)

has to be non-negative for all states p4,B,, we see
that a Hermitian matrix S can only be a witness
of causal connection if tra, B, S >0.
Additionally, for S to be a proper witness,
there should be at least one process matrix
W ¢ Free such that tr(WS) < 0, implying that
generally S # 0. For any witness S , the matrix
AS is also a witness for A > 0, implying that
—tr(SW), which can be considered a measure
for causal connection, is in principle unbounded.
To obtain meaningful numerical values, the set
of witnesses needs to be restricted in a way
that does not limit the set of causally connected
process matrices W that can be ‘detected’ by the
witnesses. The respective restriction is a priori
somewhat arbitrary. Here, we choose it such
that we obtain a connection to the above dual
problem (74). That is, we impose the restriction
that all witnesses we consider are of the form

S=1/(da,dp,) — S, (76)

where S > 0 [which coincides with the second
condition of the dual (74)]. Astra,p, S > 0, this
restriction then implies 1 —tra,p, S > 0 (which
coincides with the first condition of the dual
problem). A priori, the above requirement (76)
excludes many potential witnesses and thus
might restrict the set of causally connected
processes that can be detected. However, for any
witness S we can find a A > 0 and a matrix S > 0
such that AS = 1/(da,p,) — S. As AS is still a
witness (for A > 0) and detects the same set of
causally connected processes as S , only allowing
for witnesses of the form 1/(da,dp,)— S is thus
merely a rescaling but does not restrict the range
of detectable processes.

Since S is a witness, we have —tr(SW) < 0
for all W = pa,B, ® 14,B,- This upper bound
is tight; for any Aap > 0 with tra,p, Aup =
1a,B,, S = 1/(da,dB,) — Aap is a witness that
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satisfies Eq. (76). For this witness then, we have
tr[S(pAIBI ® ]]'AOBO)] =0.

Importantly, with this restriction on the
witnesses S, we see that the second line in the

dual problem (74) corresponds to

tr(WS) — 1 = te[W(1/(daydp,) — S)] — 1
= —tr(WS), (77)

implying that the dual problem maximizes
the measure —tr(WS), which, as we have
seen, unsurprisingly yields 0 on the set
of free processes. We thus see that the
dual problem (74) which yields the signalling
robustness of a given process matrix W can
equivalently be understood as an optimization of
the measure — tr(STW) of causal connection over
the set of witnesses of causal connection.

With these two interpretations of the signalling
robutstness at hand, we will now bound this
monotone both for the general two-party case,
as well as special multi-party cases and use these
bounds to discuss the notion of most resourceful
processes.

5 Bounds on the signalling robustness
and most resourceful processes

5.1 Maximal signalling robustness on two
parties

An important question in any resource theory is
that of the existence of a most valuable resource,
i.e., an object that allows one to obtain all
other objects via free transformations. While
such an object does generally not exist, in our
case one can ask the related (but strictly weaker
question) of an upper bound on the signalling
robustness, and whether this bound is tight (at
least in many relevant cases). Here we show
that Rs(W) < d% — 1 for all two-party process
matrices W, where dp is the maximum of the
output dimensions of the two parties (Alice and
Bob), and this bound is tight.

As it turns out, a process W45 that satisfies
this bound is given by a causally ordered process
that consists of an initial state preparation
(say, in Alice’s laboratory), an identity channel
between Alice and Bob, and a final discarding of
Bob’s output (see Sec. 5.2). While it is somewhat
self-evident that an identity channel between
two parties has high causal connection, it is

nonetheless surprising that neither additional
memory, nor causal indefiniteness allow for
larger amounts of causal connection (in the
two-party scenario).  Similar results hold in
the multi-party scenario, suggesting that, even
beyond the case of two parties, neither memory
nor causal indefiniteness lead to improved causal
connection.  Here, we first comprehensively
discuss the two-party case and then provide
partial results for the multi-party scenario.

The proof that in the two-party case R4(W) is
upper bounded by dQO — 1 has two steps. First,
we show that

d% - aoBoW =W >0 (78)

for all proper two-party process matrices W.
Then, using the dual SDP (74), we see that

Rs(W) = max(tr(WS)) — 1
< d% max(tr(a,p,WS)) —1< d% -1,
(79)

where we have used Eq. (78), the self-duality
of the operator 4,p,¢, as well as the fact
that tra,p,(S) < 1 and tr(W) = da,B,-
Consequently, showing that Eq. (78) holds
provides the upper bound we aim for.

Lemma 1. For any proper two-party process
matriz W,

d% - aoBoW =W >0, (80)
where dg = max(da,,dp,), holds.

Proof. For the proof, we first note that the map
DW] = dtr(W)1 — W is CP, where d is the
dimension of the space W lives on. Indeed, it is
easy to see that the Choi matrix np of D is given
by

np=dl®1—o". (81)

Since tr(®") = d, we see that the above matrix
7p is positive semidefinite, and D thus a CP map.
Consequently, applying D to only a part of a
positive matrix still yields a positive output, i.e.,

DX W] = dy, trx, W@ 1x, — W

; (82)
=d%, - xoW —W >0

holds for all positive semidefinite matrices
W' (note that this relation has been proven
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independently in [77], but we provide an explicit
proof for self-containedness). Exchanging dx,
for d5 = maxx—4,B{dx,} does not change the
positivity of the map, such that

DEIW] = d% - x, W - W > 0. (83)

Now, applying D(A0) o DBO) t0 a positive matrix
W, we see that

p(Ao) o p(Bo) W]

=db - a4oBoW — d5(aoW + BoW) + W > 0.
(84)

Up to this point, we have not yet employed the
fact that W is a proper process matrix, and
the above equation thus holds for all positive
matrices W. Now, using that for proper process
matrices Ly (W) = W holds [see Eq. (6)], it
is easy to see that we have 4, W + g, W =
W + a,BoW [6]. With this, Eq. (84) reads

(d5 — d%) aoBoW — (5 —1)W > 0. (85)

Since the dimension dgs is always assumed to
be at least 2, this equation directly implies the
assertion of the Lemma. O

As outlined above, this Lemma then leads to
the desired bound on the signalling robustness
for two-party matrices.

Proposition 2. For any two-party process
matriz W, we have

Rs(W) <d}—1, (86)
where dg = max(da,,dB,)-

This bound can be achieved by a causally
ordered comb if certain dimensional conditions
are satisfied. For example, without loss of
generality, let da, > dp,. Then, if ds, = dp,,
the bound al2é —-1= dio — 1 is saturated by a
process of the form

1
JASB . Tjj ® P} p ®Lp,,  (87)
I

where (I)jgoBz = >i; |4)(jj| is the Choi matrix
of the identity channel. Choosing the proper
witness S = 14, ® (I)joBz ® %, we see that
tr(WAZBS) —1=d?  —1.

Importantly, while this bound holds for general
two-party processes, it is only tight for scenarios,

where the dimension of the largest output space
(Ao above) is at most as large as that of the other
party’s input space (B above). Intuitively, this
is due to the fact that there is no identity channel
from Ap to By when da, > dp,, and the causal
connection between the parties is thus bounded
by the upper bound we gave in Prop. 2 but not
necessarily tight anymore (the influence of the
different dimensions of the involved spaces on the
tightness of the bounds we provide is discussed
in more detail in Sec. 5.4).

We emphasize that the fact that W is a
proper process matrix (and not just a positive
semidefinite matrix which satisfies tr(W) =
da,dp,) is crucial for the derivation of the
above bounds. For positive semidefinite matrices
W with tr(W) = da,dp,, it is easy to see
that the term tr(W.S) can achieve its algebraic
maximum of da,da,dp,dB, and analogously for
more parties. This, then, also implies that
Lem. 1 holds for proper process matrices, but not
for general positive semidefinite matrices with
tr(W) = dAodBo-

5.2 Most resourceful process on two parties

Let wus, for the moment, assume that all
dimensions of W are the same, i.e., da, = da, =
dp, = dp,. As we have seen, in this case, a
process with the maximal signalling robustness
is given by

WwAB = fl:: ®®4 p @1p,,  (88)
which we will call the fully signalling process.
The process W54 is defined analogously.

In principle, WA=5 could be a good candidate
for the most resourceful process of the resource
theory of causal connection, in the sense that,
starting from W48 all other processes may
be reachable by means of free adapters. This,
however, is not the case for two distinct reasons.
On the one hand, if W/, 5, is defined on spaces
{A}, Ap, B, Bo} with dy, > dx, and dy; >
dx, for X € {A, B}, then the signalling
robustness of W/, 5 can exceed that of wA—=B
(since dp > dg), implying that W45 cannot
be transformed to all W), 5 by means of free
transformations.

On the other hand, even when focusing on
transformations that do not change (or only
decrease) the respective dimensions, a free
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adapter cannot change the causal ordering of
the process matrix it acts on, such that WA=5
cannot be transformed to, for example, a process
that is ordered B=A, or a process that is causally
non-separable. At best, then, WA—=5 and W54
can be the most resourceful processes for all
process matrices that are of ordering A < B and
B < A, respectively, and that do not exceed them
with respect to the dimensions of the involved
spaces (we will henceforth assume this latter
property and not mention it explicitly anymore).
It will turn out that this is indeed the case, both
for two- and the three-party case.
Interestingly, the causally separable process

quix — (1 _ Q) WAHB + qWBHA, (89)

which is a convex mixture of two fully signalling
processes, one in each direction, also satisfies
RS(quiX) = dz@ —1, which can be seen by setting
S =&} p, ®Ph 4, in the dual SDP (74).

Processes of this form do not have a
definite causal order (they are causally sepa-
rable, though), but since free adapters cannot
create causal non-separability, they cannot be
transformed to all process matrices.  More
interestingly, as we will see, there are causally
non-separable processes that have a lower
signalling robustness than W;nix, implying that
the signalling robustness does not impose a total
order in the set of all process matrices.

Let us now show that, within the set of
two-party ordered processes W4A=B the above
process WA=B is indeed the most valuable in
the sense that all two-party ordered processes
WA=B can be obtained from it. This can be
easily seen by considering that every WA=<B
can be written as a concatenation of an initial
pure state W4, r on Ar and some appropriate
ancillary system E and a CPTP map ApFE — By
with corresponding Choi matrix I'4,gB,, such
that WfEB = \IIAIE*FAOEBI * HBO [4] It
is straightforward to see that, by performing
a local adapter in her laboratory, Alice can
prepare all states ¥4,z and implement all maps
I'apeB;, which, when applying such adapters
to WA=B allows her to produce all possible
two-party ordered processes WA=E (see Fig. 13
for a graphical representation). We thus have the
following proposition:

Proposition 3. Every process matric Wiy,
with causal ordering X' < Y’ can be obtained

Local Adapter
1

A Ao B,

Figure 13: Constructing all A < B two-party combs
from WA~B_. Any causally ordered comb W4=E can
be written as a circuit with an initial system-environment
state and a CPTP map that acts on the system and the
environment. By applying a local adapter, Alice can thus
transform W4=5 to any process WA=B (with system
dimensions smaller or equal than those of WA=B  that
is). For convenience, we have dropped the primes in the
system labeling in the bottom panel.

from WX=Y wia free adapters if the dimensions
of the spaces W,y is defined on do not exceed
those of the corresponding spaces of WXV,

The same holds true in the three-party case,
where, for example, the process matrix

(90)

can be transformed to all processes of ordering
A < B < C. We provide the proof in App. H,
where we also present a conjecture for an ordered
process that cannot be reached in the four-party
Importantly, this latter four-party
conjecture — or any statement of this kind — only
make sense if we put restrictions on the respective
dimensions; having identity channels on arbitrary
dimensions at hand, will allow one to implement
all causally ordered processes on (sufficiently)
lower dimensions by simply using the additional
dimensions as a memory carrier. This is similar
to the analogous case in the resource theories
of entanglement, coherence and purity, where
all states on lower dimensions can be achieved
from a single resourceful state of sufficiently large
dimension [11, 12, 16, 32].

case.

5.3 Transformations of bipartite processes

As we have seen, some process matrices cannot
be reached by transforming the most robust
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bipartite process with free adapters. The
first example of this kind we discuss is the
process WGP (named after Oreshkov, Costa and
Brukner [5]), a two-party, causally non-separable
process matrix introduced in Ref. [5] and defined
as

WOCB
1

4

1
1ag + ﬁ (0'200'%1 + aﬁlaﬁlaﬁo)] ,
(91)

where ¢? and ¢® are Pauli matrices and we
have omitted the respective identity matrices and
tensor products. This causally non-separable
process cannot be reached from WAZE or
WB—4 since free adapters cannot map causally
ordered to causally non-separable processes.
By using the SDP (73), we find that the
signalling robustness of WOCB is R,(WOCB) = 1.
Consequently, it is also impossible to transform
WOCB to WA?B or WB=4 by means of free
adapters, since the latter two processes have
— when all systems are qubits — a signalling
robustness of 3. Expectedly, there is no total
order in the set of processes with respect to the
free transformations Oys (this was already clear
from the fact that processes of order A<B cannot
be transformed to processes of order B<A and
vice versa by means of free adapters).

While WOCB cannot be transformed to W45
by means of free transformations, there exist
processes WASB with causal order A<B such
that WA=B = WOCB .« T for some free adapter
T € Oys. More generally, in the two-party case,
any causally non-separable process matrix W can
be ‘degraded’ to a process of causal order A<B
or B2A, i.e., there exists a free adapter T such
that W % T is of causal order AXB or B=A.
This can be seen from the following, more general
Proposition:

Proposition 4. For any process matrizc W with
Rs(W) > 0 there exists a free adapter T such
that W x Y has a causal ordering AXB or B=<A.

Proof. For the proof, note that Rs(W) > 0
implies W # 4,B,W. Now, consider the free
adapter T(X0) that traces out the output space
Xo and replaces it by a maximally mixed state,
e, Y0 W = xoW. The resulting process is
causally ordered A < Bif X = Band B < A if
X = A. It remains to show that for at least one

of these possibilities we do not have A||B. To see
this, imagine that x, W satisfies A||B for all X.
In this case we have

AW = aoB,W and g W = 2,B,W . (92)

Inserting this into Ly[W] = W yields
W = 4,B,W which contradicts the assumption
Rs(W) > 0. O

Naturally, the above proposition is trivial if W
already has a definite causal order, but becomes
more insightful for the case where W corresponds
to a mixture of causal orders or a causally non-
separable process.

Finally, one might wonder if there are processes
that can be transformed into both definite causal
orderings A<B and B=<A by means of free
adapters. An answer to this question is provided
by the following Proposition:

Proposition 5. Any causally non-separable
process matriz on two parties can be transformed
into a process matriz with ordering AXB, as well
as into one with ordering B<A, by means of free
adapters.

Before proving the above statement, we
emphasize that it is in line with Prop. 4, since
we have Rs(W) > 0 for all causally non-separable
process matrices, but goes beyond it, since now
transformation to both definitive causal orderings
is possible.

Proof. For the proof, consider a free trace-and-
replace adapter that traces out the output of
Alice’s operation and feeds forward a fixed state
|@)(U|" (where the additional transpose is for
notational convenience), ie., W/ = T x W =
(Wao|W¥a,) ® 1y, . In what follows, for ease
of notation, without risk of confusion, we identify
Ao and Ay, thus replacing 1 AL by 14,. Since
the corresponding adapter is a local operation
in Alice’s laboratory, it corresponds to a free
adapter, and the resulting W' is causally ordered
B < A (but potentially B||A holds). Now, we
show that assuming that W’ is ordered B||A for
all possible |¥) contradicts the assumption that
the original W was causally non-separable.

To this end, we choose a  basis
. . d?

()@ 120 of  B(Ma,)  consisting

of pure states. Assuming that W/ :=
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<\I/EZ)O|W|\IIEZ)O> ® 1a is causally ordered
B||A for all i then implies

Wl = pg’)I 5, ®lagp, Vi, (93)

where {p%)l B,} are quantum states. With this,
we can express W as

G 0 0)
W=> pyp @Ay @lp,,  (94)
=1

2
where {AX)O }j;‘lo is the dual set to the
basis {\\I/Ej) )(‘I/%) \}l-i%f, in the sense that
. .O ,O =
(A 99y @) ) = 65 The validity of
Eq. (94) can be checked by direct insertion.
Since the process matrix of Eq. (94) factorizes
into an identity matrix on Bp and the rest,
we see that it is causally ordered A < B,
contradicting the assumption that W is causally
non-separable. Consequently, there must exist
at least one |‘I’E;)O> for which W/ is causally
ordered BXA. Running the same argument for
a trace-and-replace adapter on Bob’s side then
shows that it must also be possible to transform
a causally non-separable process matrix W to a
process of causal order A=<B. O

We note that, in the above proof, the
requirement of causal non-separability can be
relaxed. Indeed, it is sufficient if W is a convex
combination of causal orders but not of the form
A< B,B <A, or A||B.

The two above propositions provide an a
posteriori justification for the inclusion of
causally indefinite processes as valid objects in
a resource theory of causal connection; while free
adapters do not allow the transitioning from one
fixed causal order to another, causally indefinite
processes in a sense ‘bridge the gap’ between the
two sets, since each causally indefinite process
can be transformed to both A<B as well as BXA
processes. This, then, both raises the question,
whether there exists a most resourceful causally
non-separable process, as well as whether there
exists a causally indefinite process that allows
one to reach all causally ordered ones by
means of free adapters. We return to these
questions in Sec. 6.2, where we introduce a second
monotone of causal connection that is tailored to
the distinction between causally separable and

causally non-separable processes. First though,
we extend some of the results we found above for
the two-party case to the multi-party scenario.

5.4 Signalling robustness
causally ordered processes

of multipartite

Some of the results on signalling robustness
translate straightforwardly to the multi-party
case. Here, we provide a couple of relevant cases
for which a bound on the signalling robustness
can be found. The somewhat technical proofs
are relegated to App. L.

For arbitrary many parties with causal order
A< B < C < a generalization of the
fully signalling process WA4—5
R (WARB=C=) " To see this, we require the
following proposition:

indeed maximizes

Proposition 6. Let Proci.y be the set of all
causally ordered processes on N parties with
causal order XV < X@ < ... < XN For

any W € Proci.y we have
N-1
R W) < [] d?Xg) —1:=d}—1, (95)
i=1

where dX“') is the output dimension of party Xg).
O

We emphasize that here, unlike in the
two-party case, we restrict our attention to the
causally ordered case, such that there is no
maximization over the output dimensions, but
rather the bound on the signalling robustness
only depends on all but the last output space,
which is intuitively clear, since the last output
space cannot signal to any of the other parties.
The set of processes for which the above bound
(or a variant thereof) holds can be slightly
enlarged to the set of all processes with a definite
last party and convex mixtures thereof (see
App. I).

For the case where all involved dimensions
are equal (the more general case is discussed in
App. 1), it is then straightforward to show the
following corollary:

Corollary 1. If all involved dimensions are
equal, then the signalling robustness on the

set Proci.ny is maximized by the process
XD s X

As we show in App. H, for three parties,
N
WXV ==X an also be  transformed by
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means of free adapters to all other tripartite
processes that are ordered in the same way,
making it not only the most robust, but also the
most resourceful process.

For the interpretation of the provided result,
for simplicity, consider the case where all
dimensions are equal. Then, it appears to be
most advantageous from a causal connection
perspective to perfectly pass information in one
direction. Neither memory, nor convex mixture
with different causal orders yield better causal
connections. Upon numerical investigation, it
appears like this bound can also not be beaten by
causally non-separable processes in the tripartite
case, and we conjecture that this holds for
arbitrary numbers of parties. As mentioned, a
more thorough investigation of the multipartite
case can be found in App. I.

After this short discussion of the multi-party
case, let us now return to the two-party
scenario and analyse the interconvertibility of
processes by means of free adapters in more
detail, particularly within the set of causally
non-separable processes, where it presents itself
more layered than in the causally ordered one.

6 Resource theory of causal non-

separability

In the discussion of the resource theory of causal
connection, causally non-separable processes
formed the natural ‘bridge’ between the sets
of processes with different causal orders, and
allowed for a discussion of the signalling structure
of all processes that quantum mechanics (in
principle) allows for. Beyond this role for
the investigation of signalling properties, causal
non-separability can be considered a resource
in its own right — as evidenced, for example,
by the fact that causal non-separability can
allow for the violation of causal inequalities [5,
78], or outperform causally ordered processes
when it comes to distinguishing non-signalling
channels [53]. Somewhat unsurprisingly, the
corresponding resource theory of causal non-
separability is conceptually closely related to
the resource theory of causal
Here, we first detail how the resource theory
of causal non-separability can be developed
following the same reasoning as above and show
that, unlike in the case of causal connection,

connection.

there is only omne meaningful set of free
adapters when causal non-separability is the
In order to quantify the
resourcefulness of causal non-separability, we
provide a corresponding resource monotone, the
causal robustness (originally introduced in [6]),
which also turns out to be a resource monotone
for the resource theory of causal connection.
Consequently, it will allow us to investigate
the interconvertibility of causally non-separable
processes under free adapters with respect to
causal connection.

resource of interest.

6.1 Uniqueness of the resource theory of causal
non-separability

For simplicity, we limit our discussion of
resource theories of causal non-separability to the
two-party case. Naturally, the set of free objects
in such a resource theories is the set Sep of
causally separable processes. Following the same
path we took for the resource theory of causal
connection, the different sets of possible free
transformations could be derived by imposing
qualitatively different requirements on them.

Such requirements on free operations® = are:

R1’. To map process matrices

matrices.

to process

R2’. To map -causally separable to causally
separable processes.

R3’. To not allow for the creation of causal non-
separability.

R4’. To be implemented with only causally
ordered resources between the parties.

Requirement R1’ is the same as R1 and simply
ensures that free operations are also admissible.
Requirement R4’ seems like the natural analogue
of R4. As we have seen, there are adapters
that are composed of signalling channels and
still yield admissible adapters, one such example
being YW However, unlike R4 for the resource
theory of causal connection, R4’ does not always
lead to admissible adapters. To see this, consider

—

an adapter = that is implemented by Alice and

$While mathematically they are the same type of
objects, for better distinction, we use two different
symbols, Z and Y for adapters in the resource theory
of causal non-separability and that of causal connection,
respectively.
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Bob by making use of a resource that allows for
signalling from Bob to Alice. In many cases,
the resulting adapter cannot be applied to a
process matrix of causal ordering A < B since
causal loops would be closed. An example for
such an adapter is YW ¢ ©,. In addition
to potentially yielding ‘improper adapters’, from
a conceptual point of view, it is questionable
why (and how), in a situation where Alice and
Bob share a comb of a given causal order (say
A < B), they should be able to signal in, say,
the opposite direction when making an adapter.
Intuitively then, the only types of adapters that
Alice and Bob can implement without potentially
running into logical contradiction seem to be
those that do not require signalling, i.e., adapters
in Opgsg. While this might be too restrictive —
as we mentioned, YT2W ¢ Orosg would be an
admissible adapter that can be implemented by
means of signalling resources — Orgsg appears like
the largest set of adapters that Alice and Bob
can implement themselves that is not plagued
with interpretational issues. Requirement R4’
should thus be replaced by R4, implying that,
at the operational level, where Alice and Bob
are the ones to implement the free adapters,
there is no fundamental distinction between the
resource theory of causal non-separability and
that of causal connection.

Adapters that satisfy both requirements
R1’ and R2’ are the largest set of possible
free transformations in a resource theory of
causal non-separability, and we denote the
corresponding set of admissible separability
preserving adapters by Opgp. It is natural to
compare this maximal set of free operation to
Oprp, the corresponding maximal set of free
operations for the resource theory of causal
connection. As we have seen, there are free
adapters T € Oupp that map causally ordered
processes to causally non-separable processes.
Consequently, such adapters would not lie in
Ousp. On the other hand, it is easy to construct
adapters that satisfy = € ©ygp but = ¢ Oppp. An
example for such an adapter is given by

1
=—1 W s g 96
daods, ABQ® Warpr, (96)

§

where Warp € Sep \ Free. This adapter, when
acting on a process matrix simply discards it and
replaces it by a fixed, signalling process matrix
(and thus does not lie in ©Opp). With this,

we see that, while they naturally share many
common adapters, there is no clear hierarchy or
inclusion relation between the two maximal sets
of free adapters for the resource theory of causal
connection and that of causal non-separability.

Requirement R3’ appears like the natural
analogy to the corresponding requirement R3
for the resource theory of causal connection.
However, on its own, it does not even guarantee
that the resulting set of adapters preserves Sep.
Basically, R3’ demands that, no matter what
Alice and Bob do locally, when they have access
to the adapter, they cannot use it to create a
process matrix that is causally non-separable.
Locally, the only operations they can perform
to transform an adapter to a process matrix is
to feed in a state and discard the final degrees
of freedom, i.e., given an adapter =, they can
transform it to

WIZpAI®7731®]lAOBO*E. (97)

Now, since pa, ® np;, ® la,p, corresponds
to a non-signalling process, the requirement
that W’ € SEP is weaker than demanding
that non-signalling processes are mapped to
non-signalling processes, which, besides being
admissible, is the restriction on adapters that
lie in ©pp. Since adapters in Oupp can create
causally non-separable process matrices when
acting on a causally separable one, this means
that the set of free adapters emerging from
requirement R3’ is too big to be a meaningful
set of free adapters for the resource theory of
causal non-separability. On the other hand,
combining requirements R2’ and R3’ (and R1’)
to restrict ourselves to adapters that preserve
Sep does not introduce anything new, since the
resulting set of free adapters simply coincides
with Opsp (i.e., the set already obtained from
the combination of R1” and R2’): Since pa, ®
nB; ® Lla,B, 1s a process matrix in Sep,
satisfaction of R2’ ensures that it cannot be
mapped to a causally non-separable one, thus
already implying satisfaction of requirement R3’.
Consequently, while R3 yields an interesting and
physically meaningful set of free adapters, its
naive translation R3’ for the resource theory
of causal non-separability does not lead to
additional restrictions/a meaningful new theory.

We conclude thus, given that R4 coincides with
R4’, there seems to only be a single meaningful
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resource theory of causal non-separability,
namely the one where the free transformations
are given by O,sp. This statement notwithstand-
ing, one could, in principle, introduce other sets
of adapters that preserve Sep. For example, Oys,
the set of all non-signalling adapters preserves
Sep, since all such adapters preserve causal order.
However, there is no additional operational
motivation to restrict oneself to this set of
adapters as a natural set of free adapters in the
resource of causal non-separability.

It remains to briefly comment on the structure
of adapters = € O,sp. As we have seen above,
for the resource theory of causal connection,
it is possible to phrase the properties of free
adapters in terms of linear constraints (besides
positivity that is). Mathematically, this is due
to the fact that the non-signalling requirement
on free process matrices, i.e., that they are
of the form ps,B, ® 1a,B, is — besides the
positivity constraint — a linear one. On the
other hand, this fails to hold for the condition
of causal separability; linear combinations of
causally separable processes can well be causally
non-separable. This, in turn, makes a concrete
characterization of the adapters in the set O,gp
more elusive and the question of whether a given
adapter lies in ©ugp a hard one to answer in
general.

Nonetheless, the resource theory of causal
non-separability can nicely be phrased within
the framework for the resource theory of causal
connection that we set up above. Here, we do
not aim to provide a full account of it, but merely
want to emphasize the structural similarities with
the resource theory of causal connection.

Additionally, in the same vein as above, it is
natural to introduce a robustness measure with
respect to the set Sep, the causal robustness,
as a monotone for the resource theory of causal
non-separability. While this monotone is not
faithful for causal connection, as it turns out, it
is nonetheless monotone under adapters in Oyg
and Orggg. Introducing the causal robustness
thus kills two birds with one stone — it completes
our brief discussion of the resource theory of
causal non-separability and provides us with
a second monotone for the resource theory of
causal connection, allowing, for example, for
the investigation of the interconvertibility of
processes in Proc \ Sep under adapters T € Oys.

6.2 Robustness of causal non-separability

We have seen in the previous sections that the
stratification of the space of process matrices
with respect to free adapters of the resource
theory of causal connection presents itself as

somewhat layered. In particular, there is no total

order, i.e., W 9% W does not generally imply

w2 Concretely, we have seen this for pairs
of processes, where either both processes were
causally ordered, or one was causally ordered,
while the other was not. However, we have not
yet considered the case where both processes are
causally non-separable.

Since the previous results were obtained
based on the monotonicity of the robustness
of signalling under free adapters, they hold
independent of whether Orggg, Oys, or Oupp is
considered as the set of free adapters. This will
fail to hold true for the results of the present
section, where we require preservation of Sep for
the derivation of our results.

By providing a second monotone for the
resource theory of causal connection, we show
that the lack of total order also holds within the
set of causally non-separable processes. To this
end, we consider the (generalized) robustness of
causal non-separability R, inspired by analogous
measures for the robustness of entanglement [74]
and coherence [31], and already introduced in
Ref. [6] for process matrices (following Ref. [6],
we will simply call R, ‘causal robustness’). We
define R (W) of a process matrix W as the
maximal robustness under worst-case general
mixing, now with respect to the set of causally
separable process matrices Sep (instead of the set
Free), i.c.,

w T
Re(W) = min {s ZO‘H =R¢e Sep} ,
T€Proc 1+s
(98)

where T is proper process matrix and Sep is
the set of causally separable process matrices.?
Since free processes in the resource theory of
causal non-separability preserve Sep, the causal
robustness is a monotone of this resource theory.
More importantly for our purposes, it is also

9While the definition of the set Sep is straightforward
in the bipartite case, it becomes more subtle in the
multipartite setting [6, 65, 66]. Here, we predominantly
focus on the two-party case.
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a monotone for two of the resource theories of
causal connection we introduced above (those
based on Oys and Oppse), and we now use it to
investigate how causally non-separable processes
can be converted into one another by means of
adapters in Oysg.

6.3 Conversion of causally non-separable pro-
cesses under free transformations

Analogously to the signalling robustness, one
can show that the causal robustness is a convex
function and non-increasing under free adapters
(i.e., adapters in Oyg). This latter point follows
directly from the fact that free adapters preserve
causal ordering (this fails to hold for adapters in

@AFP)-

However, the causal robustness is not a faithful
measure for causal connection, since R.(W) = 0
for all W € Sep, which is a strict superset
Nonetheless, the fact that it is
non-increasing under free adapters allows one to

show that there are pairs {W, W’} of causally

. . ©
non-separable process matrices for which W =%

W and W' ¥ W holds, ie., there is no
total order in the set of causally non-separable

processes with respect to free adapters in Oys.

of Free.

As for the signalling robustness, the causal
robustness of a process matrix can be phrased
as an SDP and equivalently be calculated by
its primal and dual formulation. Its primal
SDP problem can be derived starting from
the definition of causal robustness in Eq. (98)
and following similar steps as for the signalling
robustness in Egs. (72) and (73), to arrive at

given W
1 -
min — tr(R) — 1
do
st. R—W >0 (99)
R>0
RxRe Sep.

The dual problem associated to the above SDP

reads

given W
max tr(WS)—1
st. S>0

1 (100)

— 14U~ Lap(U) =8

do

VL) > 8,

do
where LX<y(W) = YOW —Y:Yo w +XoYrYo w
is the projector onto the subspace of processes
with causal order X < Y. Analogously as for the
robustness of signalling, S can be interpreted as
a witness of causal non-separability.

Evaluating either this SDP or its dual, the
causal robustness of WOCB [see Eq. (91)] can be
computed to be R.(WOCB) = 0.1716, while the
causal robustness of W45 is R (WAB) = 0.
Hence, this pair of process matrices provides us
with an interesting example where

R (WOCB) <« R (WA™E) (101)
and
R(WOB) > R (WAE) =, (102)

reinforcing that neither process matrix can be
converted into the other with free adapters.

There are also examples of pairs of process
matrices that are both causally non-separable
but that, nevertheless, cannot be converted into
each other. In order to find such examples, we
numerically sample process matrices and check
their properties. For bipartite process matrices,
this works as follows:

1. Fix input dimensions d4,,dp, and output
dimensions d4,,,dB,,-

2. Uniformly sample a positive
semidefinite matrix Q of size

(dAI dAo dBI dBo ) X (dAI dAo dBI dBo ) .

3. Define W := Ly (Q) to be the projection of
QQ on the subspace of valid process matrices,
where Ly is the projection operator in

Eq. (6).

_ _w_

4. Define W = da,dp, =)

5. Check whether W is a positive semidefinite
matrix. If not, discard W and repeat the
process. If yes, than W is a proper process
matrix.
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This method can be straightforwardly extended
to process matrices of multiple parties.

Sampling random processes in this way, we
find an example of a process matrix W#, whose
signalling robustness is Rs(W#) = 1.0581, while
its causal robustness is R.(W7#) = 0.0245.
Just like WOCB  the process matrix W# is
causally non-separable. However, there is no
clear hierarchy of robustness between them, since
they satisfy the relations

R (WOOB) « Ry(WH) (103)
and
R(WOCB) > R.(W#) > 0. (104)

Notice that, even though both process matrices
in this example are causally non-separable, which
means that, in principle, there could exist a free
adapter that could convert one into the other, the
impossibility of such conversion is nevertheless
guaranteed by the lack of hierarchy between
them, as shown by the different ordering in their
signalling and causal robustness values. A data
file containing the matrices that correspond to
the processes WOCB and W#, along with the
values of their robustness, can be found in the
online repository [79].

It would then be interesting to find out
whether in the set of causally non-separable
processes there exist one process matrix that
could be transformed into all others with free
adapters (in principle, this is possible despite
the lack of total order). This process matrix
would necessarily have higher or equal causal
and signalling robustness then all other causally
non-separable processes.

In order to investigate the potentially most
valuable resource with respect to causal ro-
bustness, we applied a seesaw algorithm,
alternatingly optimising the witness S for a given
process matrix W and vice versa. Concretely, the
algorithm iterates the SDP (100) and the SDP
given by

given S
max tr(W.S)
s.t. W € Proc.

(105)

which takes the optimal witness from the solution
of SDP (100) as input and outputs the process
matrix that maximally violates it. The output
process matrix then becomes the input of

SDP (100) in the next round of iteration, and
so on. As this problem is non-convex, one is
not guaranteed to obtain the global optimum for
tr(W.S) by means of this algorithm. However,
running the seesaw for a large number of different
initial process matrices provides a good guess for
the process matrices which maximize R.(WW).

The highest value of causal robustness
that we have found for process matrices
in which all subspaces are qubits with our
seesaw is R.(W*) = 0.2104. This value
exceeds R.(WOCB) showing that WOCB cannot
be transformed into W* with free adapters.
This same process matrix W?* has signalling
robustness of Rs(W*) = 1.4805, which is also
greater than Ry(WOB) = 1. Hence, these two
causally non-separable process matrices satisfy
the relation

R(WOCB) < R (W) (106)
and
Re(WOCB) < R (W), (107)

making W* a good candidate for a process matrix
that can be transformed into WOCB with free
adapters. A data file containing the matrices
that correspond to the processes WOCB and W*,
along with the values of their robustness, can be
found in the online repository [79].

In principle, the question of whether one
process can be transformed to another by means
of free adapters can be decided by the SDP

given W, W’
find T
st. T«W =W
T € Oys.

(108)

Using this SDP, we have verified that the
conversion of W* into WOCB with free adapters
is mot possible. Although not conclusive, this
result indicates that there might not be a
causally non-separable process which represents
the most valuable resource with respect to causal
connection.

Considering the matter of a most resourceful
process matrix on more general grounds, we
may derive some insight from the analysis of a
hypothetical process.

Consider the matrix Z € B(Ha,@Ha, 9Hp, ®
HB,) consisting of an identity channel from Ap
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to By and another identity channel from Bp to
Ag, given by
Z =0} 5 0% 5 . (109)

Z is not a proper process matrix, as evidenced
by the fact that Z # Ly (Z), since by allowing
for perfect communication in both directions it
could give rise to causal loops. This non-valid
process could be considered a natural extension
of the most wvaluable process with respect
to signalling robustness — the fully-signalling
bipartite ordered processes WA=E or Wh—4
[see Eq. (88)] that can be transformed into any
other ordered processes of the same order and
subspace dimensions by means of free adapters —
to the realm of indefinite causal order. Indeed, all
ordered process matrices can be achieved from Z
by simply blocking one of the output spaces to
create a one-way fully-signalling ordered process,
and using a free adapter to transform it. It
can also be checked that WOCB and W* can be
generated by applying free adapters to Z, as well
as all randomly sampled causally non-separable
processes we tried. Hence, it is not unreasonable
to expect that all bipartite processes could be
reached via free transformations on Z.

Although such an unrealistic resource may be
overkill when it comes to generating all bipartite
process matrices, the evidence presented here
suggests that it could actually be the required
resource, in the sense that no proper process
matrix might be able to fulfil such a role.

In order to better understand the non-valid
process Z, we investigate how far it is from
the set Proc of valid process matrices of the
same dimension. One potential measure for this
distance is the robustness of Z with respect to
the set of valid process matrices, i.e.,

Z + 8T
1+s

Rproc(Z):mTin{sZO‘ :WEProc}.

(110)

Here, we must carefully choose the character-
istics of the noise T against which we will be
measuring robustness. If T is set to be any valid
process matrix, then Rpyoc(Z) will diverge, since
Z is not contained in the image of the projector
Ly. A more viable option, although with an
arguably more far-fetched interpretation, would
be to set the noise to any T" > 0 of fixed trace

tr'l" = da,dp,. The solution of such a problem
for an all-qubit Z is then Rproc(Z) = 3 and
W = WX [see Eq. (89)].

Perhaps surprinsingly, according to this notion
of distance, the valid process matrix closest to Z
is not a causally non-separable process such as
W* or Wocg, but instead, an equally-weighted
convex mixture of two one-way fully-signalling
processes ordered in opposite directions, precisely
the most robust process matrix with respect to
signalling robustness.

While not a physical process, the discussion of
the (non-valid) process Z sheds some light on the
properties a most resourceful two-party process
matrix W™ would have to satisfy. On the one
hand, it would have to contain perfect channels
both from Alice to Bob, as well as from Bob
to Alice, that can be ‘addressed’ independently,
such that one can degrade W™ to both WA—5
and WB=A_ This, already, seems to exclude the
existence of W™# since such a process matrix
would most likely contain closed loops and thus
lead to logical paradoxa. On the other hand,
Wmax would have to be causally non-separable,
since causal separability is preserved under free
adapters. Consequently, we conjecture that Z
(or variants thereof) is the only positive matrix
of the correct trace that can be transformed to
all processes by means of free adapters, but, as
already mentioned, Z is not a valid process itself.

7 Conclusion

In this paper, we have constructed a resource
theory of causal connection, making a first step
towards a systematic resource-theoretic under-
standing of signalling in general (non-)causal
structures. We derived the fundamental building
blocks of this theory — the sets of free objects
and free transformations — both on operational
grounds as well as more axiomatic considerations.
In turn, the resulting different levels of control of
the involved parties over the adapter yield a strict
hierarchy of sets of free transformations.

The axiomatic perspective leads to the largest
set of possible free transformations, which,
despite being free, still allows for internal
signalling as well as for the creation of causal
non-separability. The guiding principle in
the more operationally motivated settings were
generalized non-signalling conditions between the

Accepted in { Yuantum 2022-08-09, click title to verify. Published under CC-BY 4.0. 35



involved parties via free transformations. Like
in the case of many other resource theories —
most prominently that of entanglement — all
of these approaches lead to the same set of
free objects, but differ with respect to the
free transformations, thus giving rise to distinct
resource theories of causal connection.

In order to quantify the causal connection of
general processes, we introduced the signalling
robustness as a faithful monotone of the resource
theory of causal connection and provided a
general upper bound for this monotone for
the case of two parties, as well as tight
upper bounds for many relevant multi-party
scenarios. Somewhat surprisingly, the process
that maximizes the signalling robustness for
two parties is causally ordered, implying that
causal non-separability does not increase ‘the
amount of communication’ that is possible
between parties. Based on numerical evidence,
we conjecture that this also holds true for
an arbitrary numbers of parties, suggesting
that the communication advantages displayed by
causally indefinite processes are not rooted in an
overall greater ability to communicate when the
assumption of global causal order is dropped.
For two and three parties, in addition, we
provided the most resourceful causally ordered
process, respectively, i.e., the process that can
be transformed to all other processes of the same
causal order by means of free transformations.

Besides quantifying causal connection in
general processes, the signalling robustness has
a direct interpretation in terms of a witness of
causal connection. Concurrently, this robustness
can be understood as a measure of how many
causal loops can be closed in a given process.

Our results allow one to investigate and
quantify — under one common umbrella — the
ability to signal, both in causally ordered as
well as causally disordered processes. Naturally,
analogous considerations for the set of causally
separable processes as the set of free objects lead
to a resource theory of causal non-separability,
which we introduced, showed uniqueness of,
and compared to the resource theory of causal
In the same vein, using the
framework we provided, one could also consider
other sets of resources in process matrices, like,
for example, the possibility of two-way signalling.
Such considerations will be subject to future

connection.

work.

As we showed by means of causal robustness, a
second monotone of the resource theory of causal
connection, causally non-separable processes
display a layered structure with respect to free
transformations, and there exist pairs of causally
non-separable processes where no process can
freely be transformed to the other. On the
other hand, while causally ordered processes can
only be transformed to processes of the same
causal order by means of free adapters, for two
parties, every causally indefinite process can be
transformed to processes of either causal order
by means of free transformations.

While quantifying causal connection, it is cur-
rently unclear what operational task is naturally
related to the signalling robustness.  Using
techniques provided in Refs. [75, 76, 80], for every
process W that satisfies Rs(W) > 0, one can
tailor a particular information-theoretic game
for which the process W will outperform every
process with vanishing signalling robustness (and
this outperformance is quantified by R (W)).
However, no single operational task is known,
for which the signalling robustness faithfully
quantifies performance. In particular, such a task
would have to involve bidirectional signalling,
since it would have to highlight both signalling
in the direction A — B as well as B — A
(for example, a task that only requires signalling
from Alice to Bob would not faithfully represent
the resourcefulness of a process that allows for
signalling from Bob to Alice). Besides this
operational question, it is of interest to both
find a general tight bound for the signalling
robustness for any number of parties, and to
investigate how the signalling robustness ties
in with the complete set of monotones for the
resource theory of causal connection that we
provide in App. J.

Additionally, there are still many natural open
questions with respect to the interconvertibility
of processes under free transformations, both sin-
gle shot as well as asymptotically, approximately,
and catalytically [38]. In particular these latter
points require detailed analysis since — unlike in
other resource theories like those involving states
and channels as resources — the tensor product
of process matrices in general does not yield a
proper process matrix [81].

Finally, as mentioned, in the causally ordered
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case, there are processes from which all others
can be reached by means of free transformations
for the two- and three-party scenario. This
suggests that these processes play a similar role
as that played by the ebit in the resource theory
of entanglement, giving rise to the question of
distillability [12, 82, 83] of causal connection for
general causally ordered processes.

All code developed for this work is openly
available in the online repository [79].
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APPENDIX

A Characterisation of admissible adapters

An admissible adapter T%AI AoB;B, Should — besides being positive — map process matrices W €
B(HA®H ) onto process matrices W’ € B(H 4 ®@Hp:). Equivalently, as discussed, it can be understood
as a map that transforms non-signalling maps M, 5 € B(Ha ® Hp:) to non-signalling maps Map €
B(Ha®Hpg). Let us take the latter standpoint to derive the linear constraints on the set of adapters
using techniques from [84]. First, we see that for any non-signalling map N’ € B(H o ®@H ') (whenever
there is no risk of confusion, we will drop the subscripts from now on) we have

N =N’ —A/ON,—FA/IA/ON/ and N =N’ _BbN,+BbB}N/' (111)
Combining these two conditions, we see that

N'= N =4, N+ qa, N' =, N a5, N' = a5, N+ s, N = g, N+ g, N
=: Ly [N']
(112)

holds for all non-signalling maps. Naturally, this equation is stronger than the requirement for general
trace preserving maps, since it implies AL B N' = ALAL BB N’, which is the TP requirement on the
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Choi matrices of maps B(H., @ Hp,) — B(Ha, ® Hp, ). The operator Ly g defined above is a trace-

preserving self-dual projector. Now, demanding that T* maps non-signalling maps to non-signalling
maps implies

Lps[TP%x N’ = T4« N'. (113)

for all non-signalling maps N’. Since the span of the set of non-signalling maps is not the full space
of Hermitian matrices, the above equation does not yet fully determine the linear constraints on Y*.
However, since L/, is a projector, we see that every matrix N’ = L] [R’] satisfies N’ = L/ [N'] for
arbitrary R’ € B(Ha ® Hp:), implying that the span of the set of non-signalling maps is given by
L [B(Ha @ Hp)]. With this, using the self-duality of L], we can transform the above equation to
a full linear constraint on Y* such that it reads

(Lns @ L1 ) [T} % R = (Zap ® L) [T« R’ (114)
for all R' € B(H4 ® Hp). This, then, implies that
YA =T* — (Zap @ L) [T + (Lns @ L, )[4 (115)

Additionally, T* is trace-rescaling on the set of non-signalling maps (since it maps channels to
channels), i.e.,

tr(TA « N') = da,dp, tr(N') (116)

for all non-signalling maps N’. Using the same arguments as above, as well as the trace preservation

of L] ., this translates to
/ A /T _ da,dp, /
tr[(Zap ® Ly, [Y*])(R" ® 1ap)] = ———tr(R'), (117)
dyrdpr
which implies
da,d
trap{Zap ® L, YN} = 25807 4 p, (118)
With this, we obtain
tr(TA) = dAIdBIdA'OdB'O' (119)
Using this, we see that
/ Ay A
AB(Lns[Y ]) - ABA’B”r > (120)

where we omitted the identity operator Z4p. This gives us the conditions on an admissible adapter
presented in Def. 1.

B  Free-preserving adapters

In the main text, we show that free-preserving adapters, besides being positive, have to satisfy the
following constraints:

AL BL (TFP*WAHB) — (TFP*WAHB)

(121)
Fp  1irAllBY _
and tr(T7 « W ) = dA/OClB/O .
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Following the same arguments as in the previous section, any free process matrix WAIIB can be
understood as WAIB — AoBoR for some R, so that the first of the two above equations can be
rewritten as

AL B, (TFP * AoBoR) = (TFP * AOBOR) . (122)

Using the self-duality of 4,p,* and the fact that the above has to hold for all R € B(H4 ® Bp), we
obtain

AL Bl AoBo TP = 4,8, T (123)

as desired. Again, analogously to the proof in the previous section, the trace rescaling property of Y7
on the set of free process matrices can be rewritten as

dyr dp
tr(TF x 4,8, R) = # tr R (124)
AoUBop
for all R € B(Ha ® Bg), where we used the fact that 4,p,* is a trace preserving operator. This
dar dpr
implies tra g (4,8, TTT) = dio dio 14p, which, in turn, yields
0] o
tI‘(TFP) - dAIdBIdAIOdBIO and A’B’AoBOTFP = A/B/ABTFP P (125)

as claimed in the main text.

C Admissible and free-preserving adapters can create causal non-separability

As we have seen in the main text, admissible and free-preserving adapters YAFP can change the causal

order of a non-free process and even create mixtures of causal orders. Now we are left to verify that
admissible and free-preserving adapters can also map non-free causally separable processes to causally
non-separable processes. We tackle this question numerically and we make use of the witnesses for
causal non-separability that where introduced in [6]. These witnesses are such that, if for a witness G
and a process matrix W we have tr(GW) < 0, then the process matrix W is causally non-separable.
With this, one can search for an adapter YA € ©,pp that satisfies TAF x W ¢ Sep for some W € Sep
via a see-saw SDP. In particular, if there is a causally separable W such that TA® x W ¢ Sep, then
there must also be a causally ordered process matrix W4=B such that T*? « WA<E ¢ Sep. As we
see in Sec. 5.1, for two parties, the most valuable process (in the sense that it maximizes the causal
robustness) with ordering A < B is of the form

WA =0y, @0} 5 ®@1p,, (126)

where W4, is an arbitrary quantum state.

Intuitively, this process matrix provides a good starting point when searching for causally non-
separable processes resulting from the action of an adapter T** € ©,pp on a causally ordered process.
Employing this guess, we run the following program to find such an admissible and free-preserving
adapter; first, we sample a random witness G for causal non-separability. For this given witness, we
run the SDP

given Witness of causal non-separability G
minimize tr[(Y « W475)@] (127)
subject to TA* € Oypp

If the resulting T*? is such that tr[(YAFP « WA7B)G] < 0, then the resulting process matrix
TAFP . WA=B is causally non-separable and we have indeed found an admissible and free-preserving
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adapter that maps causally separable to causally non-separable process matrices. To obtain better
and more robust results, the resulting adapter of the above SDP can be fed into a second SDP to
optimize the respective witness G, i.e.,

given Adapter T*F € Oupp
minimize tr[(Y*F x WA75)G| (128)
subject to G is proper witness of causal non-separability.

While running these two SDPs is not guaranteed to yield an adapter YA € ©,pp with the desired
properties, it actually provides adapters for which tr[(T*¥? « WA7B)G] ~ —0.1661 (as a comparison,
for the best witness of WOCB, one obtains tr(IWOCBG) ~ —0.1716). While not necessarily the best
achievable value, —0.1661 is well-beyond any potential numerical imprecision thresholds, implying
that we indeed found an adapter with the desired properties. Since it does not appear to possess a
particularly nice structure, we do not report it here explicitly, however, the code used to find this
adapter and a data file containing the matrices that correspond to the adapter Y*F the causally
ordered, fully signalling process matrix W45, and the causally non-separable process matrix TAFF x
WA=B can be found in the online repository [79].

D Definition of non-signalling adapters

In Sec. 3.2.4 we defined the set Oyg of non-signalling adapters T%SIAOBIBO € B(Ha, ®Hap, @ Hp, ®
Hi,,) as the set of positive semidefinite matrices that satisfy

TNS — LA[TNS], TNS — LB[TNS],

129
and tT[TNS] = dA/OdAIdA/OdAI, ( )

where Lx[T¥] = T — x TV + X TS — X! XoX0, T+ i, X! XoX0 TN, While positivity guarantees
that adapters will lead to positive probabilities even when applied to process matrices with additional
degrees of freedom (i.e., degrees of freedom the adapter does not act on), the above trace conditions
and the normalization of T ensure that T¥ does not allow for communication between Alice and
Bob, and that the resulting process matrix is properly normalized, i.e., tr[Y" x W] = d A dpy for all
W € Proc and all TV € Oys.

Let us first show the former statement, namely that a non-signalling adapter that satisfies Eq. (129)
does not allow for communication between Alice and Bob. To see this, consider a deterministic
operation {1p, AL ® 14, that Alice can perform. Due to its causal ordering we have AL Qp, 4 =
ap 4 Qp, 4, and tr[QAIAb] = d . It is easy to see that with this, we have L4[Q®14,] = AIA,IAOAbTQ(g
ﬂAoj. We thus obtain

T 4 (@ Lay) = (La® Lp) [T % (2® 1a,) = (La ® L) [T™] # L[] =

1
= TNS * ’ Q=
A[AIAoAO dAsz’O

130
tr[A],/AO TNS ’ ( )

where we have dropped the labels for concise notation and we have used the fact that the operators
Lx are self-dual projections. Since the last line of the above equation is independent of the specific
comb 2 Alice employs, Bob’s local adapter is independent of Alice’s operations, implying that she
cannot signal to him via the non-signalling adapter TV, Running the same argument for operations
on Bob’s side then shows that a non-signalling adapter indeed does not allow for signalling between
the involved parties. This, then, implies that adapters that satisfy the properties laid out in Def. 4
automatically satisfy the requirements of Eqs. (49) and (50).

Finally, it would remain to show that non-signalling adapters indeed satisfy tr(TIﬂASI AoBBo*WaA B) =
d AL d B i.e., they transform process matrices to correctly-normalized objects. This has already been
done in the main text. As we saw, the free adapters form a proper subset of all valid adapters, i.e.,
Oys C O,, and all admissible adapters map proper process matrices to proper process matrices, i.e.,
they also preserve the correct normalization.
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By By Bp Bo

Figure 15: No signalling for adapters. Given the
adapter Ya,a,B,B,. the most general thing Alice
could do to send information to Bob would be to

Figure 14: Free adapters from shared gntangle— perform a causally ordered comb Qa,a,. If the
ment and local operatlons. For better. orientation, adapter is non-signalling, then the resulting comb on
here, we reproduce Fig. 10 from the main text. Bobs side (defined on By, By, B}, and Bo) must be

independent of Qa,a,.

E Shared entanglement and local operations

In the main text, we claimed that ©rgsg C Oys, implying that adapters from local operations and
shared entanglement satisfy not only Requirement R3, i.e., they do not allow for signalling between
Alice and Bob, but also Requirements R1 and R2, by mapping proper processes to proper processes
and free processes to free processes. We state this here in more detail as the following Lemma:

Lemma 2. An adapter of the form

TLDSE

r (131)

=P34, 5,5, * MEa, * T aa, * Asm, * T,
stemming from shared entanglement and local operations, maps proper process matrices to proper
processes and does not allow for signalling between Alice and Bob.

Proof. We start by proving the former. Since the link product of positive objects is again a positive
object, we see that for an adapter of the form of Eq. (131) we have T'05E > 0 and thus W/, 5 =
YHOSE o Wap > 0 for all proper process matrices Wyp. It remains to show that W, is a proper
process matrix. This can be done by checking its action on products M4 ® Mp: of CPTP maps. We
have

/ P ~ o~ ~ o~ ~ ~ ~ ~
WA’B’*MA’*MB’ _pAIA’OB]B’O*A/AIZAI*FA’IAO*AIBIIBI*PB’]BO*WAB*MA,*MB/ (132)

=: Nap*Wag

It is easy to see that the map Nap satisfies tra, Nap = 14, ® Np and trp, Nap = 1, ® N4 with
CPTP maps N and Np, implying that N4p is non-signalling between Alice and Bob.
Concretely, we have (see Fig. 14 for better orientation):

tra, Nyp = pzlx, BB *AEIAI *tra, FX’AO *A%IBI *FE’IBO * My x Mp:
(] o

Ztrg,o pglgbgjgb*tr AZX;AI*A]}}IBI*FE’BO*trAb My * Mp:
A

* AIEIIBI * Fg’IBO * MB’ (133)

Af

=P, BB, X Wa a4 MR,

= ]lAI *'OEIEb *A]EI]BI *FE’]BO * MB/

=: ]lAI ® Np
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where we have used tryu, FZ’/AO = HZ’A’O’ tra, Mar = 1y, trZ}A’I AFA,/A,’ and the fact that 1y is
the Choi matrix of trx. In a similar vein, it is easy to see that Np satisfies trp, Np = 1p,, i.e., it
is CPTP. The corresponding relations for trg, Nap follow analogously. N4p is thus a non-signalling
map. Invoking the decomposition (47) of general non-signalling maps in terms of products of CPTP
maps implies that T9E maps non-signalling maps on ‘the primed degrees of freedom’ to non-signalling
maps ‘on the unprimed degrees of freedom’ As we have seen in the main text, this implies that it
maps proper process matrices to proper process matrices, which concludes the first part of the proof.

To show that the above TT05E does not allow for signalling between Alice and Bob, we first note
that, in the above reasoning, we have already shown that YTY9E maps all non-signalling maps to
non-signalling maps (i.e., T*0% € O,pp). However, as discussed in detail in Sec. 3.2.4, this is not
sufficient to guarantee that the adapter does not enable any signalling between Alice and Bob. In
addition, we have to show that, given the adapter YT'9E no matter what Alice ‘inserts’ into it, Bob
locally ‘sees’ the same comb (and vice versa). In the language of Def. 4, where we defined non-signalling
adapters, this means that Yt05E gatisfies L4[Y 0%E] = Lp[TM0SE] = YLOSE  Here, for concreteness, we
will not use the projectors L4 and Lp to prove the non-signalling conditions, but rather show them
directly (yet equivalently) by proving that Alice cannot send signals to Bob by performing deterministic
operations on her side of the adapter.

In detail, this means that T%E x Qp a, is independent of any comb Qa,a, with ordering A; <
Al < Ay < Ap that Alice could ‘insert’ into the adapter (see Fig. 15).

This can be checked by direct insertion into Eq. (131) and using the causality constraints on

Qarno =1ao ®Qp,ar:

LOSE _ . S . - .
T *Qp,n0 = La, *FA,AO *QAIA/ * PR A | BiB *AAIAI *AIBIIBI *FB,IBO
=13 a2 * a4, * P33 5,5 *MR,a, * A8 B, * BB, (134)
=PBB,* *Ag, I'sm,

which is independent of Alice’s operations. As for the previous derivation, here, we have alternatingly
used the properties of CPTP maps and causally ordered combs, in particular tra, I', Ao = 1 J A A
trA}g} AIXIAI = ]lfTIAz’ and tra, QAIA’O = ]lA'z ®4,. Naturally, the same independence can be shown
with respect to Bob’s operations, implying that TIZADfBOBIBO does not enable any signalling between
Alice and Bob. Consequently, we have Orgsg € Oyg. The fact that the inclusion is strict is proven in

the main text. O

F  Equivalence of O¢, and Oyg

Here, we provide the prove of Prop. 1, where we stated that the set ©¢y of completely admissible
adapters coincides with the set Oyg of non-signalling adapters. As laid out in Sec. 3.3, a completely
admissible adapter TG A;AoB;B, Must — besides being a positive semidefinite matrix — map any non-
signalling map MA'AB'B with A’ A] 4 BOBO and BIBI + AOAO to a non-signalling map NAA
TAIZAOIBIIBO * M 4 155> Where NAABB is non-signalling A;A; 4 BoBo and BrB; 4 ApAo.

As was the case for admissible adapters, complete admissibility is equivalent to mapping any non-
signalling map of the form M 4, 5 ® My 5 — where My, ¢ is an arbitrary CPTP map X} X; — X, Xo
— to a non-signalling map N, ;55 (see Fig. 16).

With this, one could derive the linear constraints on the set O¢y of completely admissible adapters
in terms of a projector Lo and show that its properties correspond to those of the projectors that
define Oys [given in Egs. (54) and (55)]. However, here, we take a more explicit route and directly
show that both Oyg C O¢p and O¢y C Oyg hold.

We start by showing Oys C O¢y. Recall that for any TIEIAOBIBO € Oys we have g, TV = BoBl, Tys
and BOB’OB}TNS = BoBbB}BITNS' With this, we can show that N, 155 := TV % (M4 5 @ Mg 5) is
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Figure 16: Completely admissible adapters. An adapter T is completely admissible if it maps any non-signalling
map to a non-signalling map, even when only acting on parts of the map. As for the case of admissible adapters,
this is equivalent to mapping arbitrary tensor products of CPTP maps to a non-signalling map, i.e., if the adapter
in the figure is completely admissible, then N, 755 is non-signalling A;A;r 4 BoBo and B;B; 4 ApAo for all
CPTP maps M4, 5 and Mg, 5.

Figure 17: Complete admissibility and non-signalling. Taking the swap and a product map as the two maps on
Alice's and Bob's side, respectively, if the adapter T°* is completely admissible, then the resulting channel should be
non-signalling (here, this requirement is shown for non-signalling from Alice to Bob).

non-signalling BBy 4 AoAop, i.e., BoBoNAABE = BoBoB B Naipn- Concretely, we have

BoBoNAABE

o NS B N NS L _
= BoBo(YAraoBBo * Mari ® Mpig) = 5o, TR A0BBo * Mari* 5, Mp i (135)
_ NS L _ _ NS L _

=Bo YR, AapB By * Mara* BOBbB}BIMB’B = BoBgB}BzTAIAoIBzIBo *Mya*po5,Mpp

_ _ _ NS 4 _
= BoBoB B (YR a0BBo * Mari* 5op, Mpi5)

where we have both used the fact that the operators xe can be moved around freely in the link
product and the property 5 B, Mp g =g, Bl BB, Mg, 5 of CPTP maps. In the same vein (and using
x(x°*) = x*), we see that

L (NS L _
BoBoBrBiNAABE = BoBoBi B (YAiAoBBo * Marz * BoBé)MB’B) . (136)

Comparison of Egs. (135) and (136) implies g 5 Naips = BBy, B, Vaipp- The fact that My 155
is non-signalling from A;A; to BoBo follows in the same way. Non-signalling adapters thus map
non-signalling maps to non-signalling maps, even when only acting on a part of them, implying
@NS C @CA‘

To prove ©% D O, let us consider two particular CPTP maps on Alice’s and Bob’s side,
respectively, namely a swap A; < A, A7 < Ao on Alice’s side, and a CPTP map Mp 5 =
Lp ® @}—;I Bo (where Lp/ is CPTP and CI%I Bo corresponds to an identity channel from B; to BO) on
Bob’s side (see Fig. 17). Since the swap on Alice’s side is merely a relabelling, we drop the usage of
bars on the labels for Alice from here on. Demanding that, for this particular choice of CPTP maps,
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the resulting channel is non-signalling B;B; /4 Ao A’ is equivalent to the requirement (see Fig. 17)

trBoéo (T(EAA[on]BIIBO *LBI) = II‘BIB[ ® C(IAIZAO ? (137)

where Cpa, ., is a causally ordered comb (since T%I AoB;B,, 1S an admissible adapter), but its concrete
form is not important for the following argument. We now show that Ca,a, must be independent of
Ly if TEAAI AoB;B, 18 completely admissible. To see this, let us assume the contrary, that there exist
two different CPTP maps Lp: and Kp: such that

trBOBO(TfAAIAolB,BO *Lp):=1pp5 @Cnan, # 1p,5, @ CKIZAO = trBOBO(T?AAIAO]BI]BO * Kpr).
(138)

Then, Bob can perform a CPTP map Hp/p that classically controls the CPTP maps Lp (for
measurement outcome 0 on By) and Kp/ (for measurement outcome 1 on By), i.e.,

Hp g = ’00><00’BIBO ® Lpr + |11><11|BIBO ® Kpr, (139)

and we assume that the degrees of freedom labeled with bars correspond to qubits. Now, contracting
this map with the adapter TEAAI AoB;B, (and tracing out the final degrees of freedom Bo and Bo)
yields [cf. (137)]

.5, (YR AomBo) * Hpp = 1005, ® 1, ® Ca,np + 11)(15, ® 1, ® CF 4, - (140)

However, since Hp, 5 is itself a CPTP map, the above must — due to complete admissibility of
TR aoB,B, — 2lso factorize as

tI‘BOBO(T%jAOBIBO) * HB/B = II‘B[B[ ® DAIAO ? (141)

for some causally ordered comb Dp,a,. This, in turn, shows that Ca,a, = Cﬁ;Ao holds, i.e., Alice’s
part of the adapter is independent of the CPTP map that Bob performs (if Bob’s final degree of
freedom is discarded). The same argument can be employed to show that Bob’s part of the adapter
T%I AoB;B,, 'S independent of the CPTP map that Alice performs (if Alice’s final degrees of freedom
are discarded). In fact, this is already sufficient to conclude that O D @ since it is exactly this
property that we used to derive the non-signalling conditions of Oyg. Combining this with the fact
that O C O (shown above), we see that the requirements on completely admissible adapters are
equivalent to those on non-signalling adapters and we have Oys = O¢,.

G Convexity of Rs(WW)

In order to prove the convexity of Rs(W), assume that for a given W = pWj + (1 — p)Wa, we have
found the process matrices T* € Proc and C* € Free that lead to the minimal value in Eq. (69).
Then,

W = (1+ Rs(W))C* — Ry(W)T*, (142)

Importantly, any other such pseudo-mizture representation W = (1 + R')C" — R'T’, where C’ € Free
and 7" € Proc satisfies (by definition) R’ > R4(W).

Let Cf,C5, T, and Ty be the corresponding process matrices for Wy and Wy, i.e., W = (1 +
Rs(W1))CT — Rs(Wh)T} and Wy = (1 + Rs(W2))C5 — Rs(W2)T5. For convenience, we will set
R; := Rs(W;). Consequently, we have

W =p(1+R)C+ (1 — p)(1+ R2)Ch — pRATS — (1 — p)RT. (143)
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Figure 19: Conjectured unreachable comb. Starting

Ey Eo
( from WAZB=C=D e conjecture that the above
A Ao B, Bo! G Co

comb, which basically corresponds to an identity channel
from Ap to C7 and an identity channel from Bg to Cj,

Figure 18: General A<= from WA=5=C, cannot be reached by free adapters.
By performing the correct local adapters and sharing

an entangled state, Alice and Bob can implement

the representation of general three-step combs. For

convenience, we have relabelled the spaces in the

resulting comb (bottom panel).

Up to normalization, the first two terms together form the convex combination of two free processes,
while the second two terms form a convex combination of proper process matrices. Thus, we can
express W as

W =[p(1+R1)+ (1 —p)(1+R2)]C" — [pR1 + (1 — p)Ra|T", (144)
where T" € Proc and C’ € Free. This implies
Rs(pW1 + (1 — p)Wa) < pRs(W1) + (1 — p)Rs(Wa), (145)

i.e., Rs(W) is a convex function.

H Three-party processes from WA4=>5=C

In the main text we showed that all processes WA= that satisfied the dimensional constraints we
laid out can be obtained from the fully signalling process matrix W45 by means of free adapters.
Here, we show that the analogous statement holds for processes of the form WA=B=C which can all
be obtained from the fully signalling three-party process matrix

WAEZC = p @@ 5 @@L o ®1c, (146)

by means of free adapters.

As for the two-party case, let us motivate this statement graphically (see Fig. 18 for a graphical
representation). Any causally ordered comb WA=B=C can be represented as a concatenation of an
initial system-environment state ¥ 4, g, and two CPTP mappings ApEy — BrE» and BoEy — Cr with
corresponding Choi matrices Ag, a,E,B, and I'g, g, c,. It is then easy to see that, by only using shared
entantglement and local operations, starting from W47B=C¢ Alice and Bob can implement any such
U, A and T, and thus reach all WA=B=C (see Fig. 18). In particular, let TEoE: = YEor = VYA, E
be the initially shared entangled state, and let {4, g, AL = 14, ® @EO A be the Choi matrix of a

local map in Alice’s laboratory that traces out the system on A; and relabels Eop — A’}. Then
PA; * TEQE, * §A1EoA} = ‘IJA}El = Wy, p . Since the degree of freedom E; is shared with Bob’s
laboratory, it is then sufficient for Bob to locally perform CPTP maps with corresponding Choi
matrices Ap g, g, B, and I'g, B, Bo- The identity maps in the fully signalling comb WA=5=C then
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lead to a relabelling By — Ap and Bp + C7. Finally then, identifying A} with A7, B} with By and
By, with Bp, we find that

A—B—=C
w e *T = (pAI ® q)—iA_oB] ® (I)EoCI ® ]]'CI) * (TEOEl * §A1EoA} * AB]E]_EQB} *FEzB/OBo) (147)

S WA, * A AoEB; *UE,BoC;
and thus all combs WA=B=C can be reached from WA=57C by means of free adapters.

While the above derivation works for the case of three parties, it cannot be employed in the four-
party scenario, where we conjecture the existence of ordered processes that cannot be reached from
WA=B=C=D by means of free adapters. In particular, we expect the following process to not be
reachable (see Fig. 19):

W4parties = qJA[ 2 (I)IODI N, ® (I)Jéocl & ]lCODO (148)

This process consists of an identity channel between Alice and Dave, and identity channel between Bob
and Alice, and either states that are fed in, or degrees that are traced out on the remaining degrees
of freedom. The reason why we conjecture that this process cannot be reached from WA=B=C=D py
means of an adapter that does not enable any communication between the parties is as follows: If an
adapter T does not enable direct communication between the respective parties, all signalling between
Alice and Dave, as well as the signalling between Bob and Charlie must have come from WA—=B=C=D,
Consequently, signals that go from Alice to Dave must have gone via Bob (since there is no direct
channel between Alice and Dave in WA—>B—=C¢=D ). However, Bob has an identity channel to Charlie,
but, at the same time, needs to feed forward signals from Alice to Dave, so that the resulting Wiparties
can contain an identity channel between Alice and Dave. This, then, should not be possible, since Bob
cannot, at the same time, send his information undisturbed to Charlie, but concurrently also perfectly
feed Alice’s signals forward towards Charlie.

While somewhat intuitive, these arguments are not sufficient to exclude the possibility to obtain
Wiparties from WA—=B-C—=D by means of free adapters. As we have seen, there are free adapters
that cannot be obtained from shared entanglement and local operations. They thus require internal
signalling for their implementation, however, this signalling is such that it cannot be employed by the
respective parties to signal to each other. In principle, though, this signalling might be activated by
concatenation with WA=B=C=D_Nonetheless, we conjecture that Wiparties cannot be obtained from
WA=B=C=D by means of free adapters.

| Signalling robustness of multipartite causally ordered processes

Here, we provide proofs and generalizations of the results on the bounds on the signalling robustness
in the multi-party scenario mentioned in the main text. In Sec. 5.4 we claimed the following result:

Proposition 5. Let Procy.y be the set of all causally ordered processes on N parties with causal order
XO < x@ <. < XN For any W € Procy.y we have

=z

-1
RsW)< I[ d 1:=d%

21, (149)

20~
3
XO

@
Il
i

where d ) is the output dimension of party Xg)-
(@]

Proof. The proof follows a similar line as that of Thm. B3 in Ref. [51]. First, consider the quantum

channel A[p] = tr(p)1/dx, where d is the dimension of the space X on which p is defined. This channel

can be written as Afp] = d% 2?2:61 UijjT , where the d? unitary matrices {U;} form an orthogonal
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basis of the space spanned by unitary matrices and Uy = 1. Using this decomposition of 1~X, we can
write its action as

N - 21

where I' is a CPTP map and Z is the identity map. The map A traces out the state it acts on and

replaces it by a maximally mixed state. Consequently, applying it to all output spaces X, g) (except

the last one) of W € Proc;.y yields a process of the form px, ® 1x,. In detail, due to its causal

ordering, we have W = WX(I)X(l)mX(N) QL. Applying A to each output space of W except for
I O I O

the last one yields
xW.x¥-vW = 1/(dX<01> "'dX<ON—1>) Ty -0 WO Ixo = px; @ Lo (151)

where X; (Xo) denotes all input (output) spaces. Now, employing Eq. (150) and setting a% =
Yt a2 X0 we obtain

Nt 1 dew =1 1 1 ~
X0 xv-oW = I Gr—Zyo + —=5—T )Wl = (5 Ixo + (1 = )0x0) W], (152)
i—1 X(Z) @) ng'> O d do

where (NZXO is a CPTP map. Let us assume that T := ﬁXo [W] is a proper process matrix. In this
case, using the above considerations, we have 1/ d%W +(1-1/ d%)T € Free. Recalling the definition
of the signalling robustness

W +sT
Rs(W) = min {s >0 UL Ce Free} , (153)
TEProc 1+s
we see that Rs(W) < HN ! d2 —1, which corresponds to the claim of the Proposition. It remains to

show that € Xo W] is indeed a proper process matrix. To this end, we note from Eq. (152) that Q Xo
corresponds to a convex combination of local CPTP maps that act on the respective output spaces
of each party. Since each such tensor product of maps simply corresponds to a post-processing of the
local output spaces, it transforms a proper process matrix to a proper process matrix, and analogously
so does a convex combination of such maps. This concludes the proof. O

For the case where all involved dimensions are equal (the more general case will be discussed below),
it is now straightforward to show that a process of the form

Wy x ™ XY
WX X A o <I>+(1>X<2 QR Q)+<N D ) ® ILX(N) (154)

maximizes the signalling robustness on Procy.y, as claimed in the main text. In clear analogy to the
two-party case, the matrix S > 0 used in the dual SDP (74) for the computation of the signalling
robustness in the multi-party case satisfies

trX(ol)"'X(oN) S=1 (155)

X x M-
Then, choosing

_ + +
S = ]lX}l) ® ¢X(01)X;2) R ® (I)X(ON_UX}N) & ]lX(ON) /dX(()N) , (156)

we see that tr(SWX(l)H'“HX(N)) = dQO— — 1. This proofs Cor. 1 of the main text.
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Evidently, the proof of Prop. 6 does not work for general, causally indefinite, processes, since we
explicitly used the fact that W factorizes, i.e., it satisfies W = X(N)W. Nonetheless, we can slightly

generalize the above statement without changing the proof. In pal?ticular, even though we focused on
causally ordered processes, the only actual assumption we employ in the above proof is that there is a
definite last party (X (V) in the notation of the proof). Whether or not the remainder of the process
is causally ordered did not factor in. Consequently, we have the following corollary:

Corollary 2. Let Procoy be the set of all processes that have XN) as the definite last party, i.e., if
W € Procy, then (N)W =W and v oW = o0 v v W For all W € Procon we have
o I O I O

Rs(W) < H d2 X — 1, where dX@) is the output dimension of party X®.
O

The proof of this statement follows along the same lines as that of Prop. 6 for causally ordered
processes.

Having found these upper bounds for the signalling robustness on the sets Procy.y and Procy of
causally ordered processes and processes with a definite last party, respectively, then allows one to
find an analogous bound on their convex hulls.

onv

Corollary 3. Let Proc;(N) be the convex hull of all processes that have a definitive last party. Then,
for all W € Procfr‘z‘]‘\‘,’) we have Rs(W) < mgx{d% — 1}, where dQO— is defined as in Prop. 6, i.e., the

dimension of all spaces except for the last one, and the maximization is over all possible causal orders
— given by the permutation m — of N parties.

Since Procy.y C Proc<y, the above Corollary also applies to the convex hull of Procy.y.

Proof. Ift W € Proc;‘zrj\‘,’) then it can be written as W = )" _ prWT™N) where 7 is a permutation of N

elements, {p,} is a probability distribution with >, pr = 1, and W™®) denotes a process with final
party X(™(N)) Using the convexity of the signalling robustness, we obtain

Ro(W) = Ro(W) (3 pe W) < Zp,r (W) < maxR, (W) = mgx{d% —1}.  (157)

O]

A priori, this bound is not tight. However, under the assumption that there is a causal ordering of
parties such that d% is maximized and the dimensions of all input spaces are lower bounded by the
dimension of their respective preceding output spaces (i.e., dX@) < dX(z-H) foralli=1,...,N —1),

O I
we have the following Proposition:

PropOSItlon 7. Let W be a process matrixz defined on the N laboratories {X } Let XM < X2 <

- < XWN) be an order in which dO is maximized, and let dX(,) < dX(1+1) foralli=1,... N — 1.
(@] I
Then there exists a causally ordered Markovian process X << ()

robustness on Procc‘zlj\‘,’), i.e., it satisfies

that mazximizes the signalling

... (N)
R (WX ==X ):mgx{d%—l}. (158)

Proof. First, assume that the dimension of neighboring input and output spaces is the same, i.e.,
dX(“ = dX“*l) forall i =1,..., N — 1. Then the above statement is directly implied by from Cor. 1
O I

The case where d 0 < d G for some (or possibly all) adjacent laboratories follows in a similar
O I

vein: First, we define a ‘generalized identity map’ Z X0 x (5D by its action on all states p € B(H Xm):
(@]

0
IX(Z) X0+ [p] = (g 0) € B(HXf“))’ (159)
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e, Lo,y [p] transmits p and merely pads it out with zeros such that the output lives in the
O I

right space. The corresponding Choi matrix of IX(“ (i+1) 1S given by
o —Xp

(I)+(i> (@)’ 0
ot Xo'Xo : (160)

i 1)
xg)—x 0 0

where H 0 =M Using this generalized identity map, the corresponding witness S and the
@]

xo"
causally ordered process WX ==X can be defined in the same vein as in Eqs (154) and (156)
with the same result for the signalling robustness. O

Since the signalling robustness of causally non-separable processes does not seem to exceed that
of the processes of Eq. (154), allowing for communication in several directions beyond probabilistic
mixing does not appear increase the amount of causal connection. The fact that the upper bound
cannot necessarily be achieved in the case where the input dimension of an input space is not larger
than or equal to its preceding output space then also possesses a straightforward explanation. In this
case, there is no identity channel from one laboratory to the other, leading to lower causal connection
and an unattainability of the bound mgx{d% -1}

J  All monotones of the resource theory of causal connection

As we have seen, neither the signalling nor the causal robustness are sufficient to decide whether a
process can be converted into another by means of free adapters. Intuitively though, if one knew all
monotones of the resource theory of causal connection, one could unambiguously decide whether or
not two processes can be connected via free adapters. Here, using results from Ref. [40], we make
this intuition concrete and provide all monotones of the resource theory of causal connection. These
monotones, in turn, provide a necessary and sufficient condition for the convertibility of processes.

In Ref. [40], the complete set of monotones for a wide class of quantum resource theories of processes
has been derived. There, the authors consider sets of free maps that map CPTP maps onto CPTP
maps, and, under weak assumptions on the set of free CPTP maps, derive all monotones of such
a resource theory. Here, we follow these ideas to provide a characterization of all monotones in a
resource theory where the free processes are given by Free = {pa,5, ® La,B, € B(Hap)}. Unlike
in the previous sections, we will not work with the Choi matrices of adapters, but consider the
free adapters as maps T that map Choi matrices W on B(Hag) to Choi matrices W’ on B(H /).
Concretely, with this, we get the set of free transformations

Ous(AB — A'B') = {Y|Ta,a,B,B, € Ous}, (161)

where Ta,a,B;B, is the Choi matrix of T.

Considering the map T instead of its Choi matrix Ta,aoB,B, Will lead to some notational
simplifications in what follows. Naturally, everything can be phrased entirely in terms of Choi
matrices (or entirely in terms of maps, as is done in Ref. [40]). In what follows, whenever there
is no risk of confusion, we will drop the explicit input and output spaces and simply write Oyg instead
of éNs(AB — A/B,).

Following Ref. [40], we can define the following monotones for our resource theory:

fo(W) = max tr(QT(W)), (162)
TEOxs

where W is a proper process matrix on B(H 4p) and @ is a proper process matrix on B(H a:p/). Note
that we can use the maximum instead of the supremum in the above equation, as the set of free
adapters we consider is compact, i.e., the maximum exists. Since the concatenation of free adapters
still yields a free adapter, it is easy to see that Eq. (162) indeed defines a monotone of the resource
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theory. With this, we obtain an analogous characterization of a complete set of monotones as the one
found in [40]:

Proposition 8. Let Wap be a proper process matriz on B(Hag) and W'y, 5 be a proper process matriz
on B(Hap'). Then there exists a free adapter T € Oyg such that W, 5 = Y (Wap) iff

fQ(WAB) 2 fQ(W,/A’B’) VQ € PI'OCA/B/ N (163)
where Proc 4/ g/ is the set of valid process matrices on A'B’.

The proof proceeds analogous to the original proof of Thm. 4 in Ref. [40]. First, using convexity
and closedness of the set of all free adapters, we will show that Eq. (163) provides all monotones if
Q@ is Hermitian. In the second step, we show that it is sufficient to restrict ) to be a proper process
matrix on B(Ha/pr).

Proof. Step~1: We dgnoteﬁthe orbit 9f a process matrix Wap on B(H 4p) under free transformations
by Ow = {Y(W4p)|T € Ons}. As Oyg is convex and closed, so is Oypy. Consequently, any process
matrix W/, 5 is not an element of Oy iff there exists a Hermitian matrix Qa5 on B(H 4/p’) such
that

tr(QapWhig) > max tr(Qup Y[Wag)), (164)
T EOys
where the above follows from the hyperplane separation theorem for convex sets. On the other hand,
W'y g is inside the set Oy iff for all Hermitian matrices Q4'p on B(Harp'), we have

tr(Qap W) < max tr(Qap YT (Wag)) . (165)
T E€Oys
Naturally, the ‘only if’ direction of the above equation holds trivially for any set, while the ‘if’
direction requires the convexity of the set. Eq. (165) allows one to check whether or not there exists
an T € Oyg such that Y (Wap) = W/, 5; this is exactly the case when W/, 5, satisfies Eq. (165). Now,
we can show that Eq. (165) is equivalent to Eq. (163) when we allow Q45 to be Hermitian (instead
of a proper process matrix).
First, if Eq. (163) holds (for all Hermitian @ 4/p/), then we have

_ max tr[Qap Y (Whip) <  max tr[Qup T (Wag)] YQuap . (166)
YT/eOns(A’B'—A'B’) YeOus(AB—A'B’)

Choosing Y’ to be the identity map (which is a free adapter), we see that Eq. (165) is satisfied, and
consequently W/, 5 € Ow.
Conversely, if Eq. (165) holds, then for any Y’ € Oys(A’'B’ — A’B’) we have

tr(Qarp X' (Whip)) = (Y (Qap)Whip) < max tr[Y1(Qap) YT (Wag)]
Teens(AB%A’B/)

= max tr 5 XY o Y (W
et [Qap (Was)] (167)

<  max tr[QA/B/T(WAB)] = fo(W),
YeOus(AB—A'B")

where we used Eq. (165) in the second line, T'! is the dual map of T, and we have employed the fact
that T/ o T is still a free operation. As the above equation holds for all ) 4/p and free adapters T’
it implies fo(Wap) > fo(W),z/). Now, it remains to show that we can restrict the set of matrices
Q@ 4’ g for which we have to check the monotones to the set of proper process matrices.

Step 2: To show that proper process matrices are sufficient, we consider the matrix

_ Lyp
Qap Z(l—E)dAB

+eLy(Qarp). (168)
Al B
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This matrix satisfies Ly (Qa/p') = Qa/p/, and for € small enough, we have Q45 > 0, i.e., Qap is —
up to normalization — a proper process matrix. For this matrix, we obtain

tr(QA’B’WA/B/) = d124’oBé)(1 — 5) + 5tr(LV(QA’B/)W;1/B/)

) , (169)

=da g (1 =€) +etr(QapWap),
where we have used the self-duality of Ly and the fact that W/, 5 is a proper process matrix, i.e., it
satisfies Ly (W, 5/) = W/, 5. From the above equation we see that up to a constant offset that only
depends on the dimension d AL BL > and a positive constant pre-factor, f@ yields the same value as fq.
Consequently, checking Eq. (163) for proper process matrices @ 4/p: is sufficient. This concludes the
proof. O

Since we did not rely in the proof on the fact that there are only two parties, the above
straightforwardly generalizes to more parties.

While in principle providing a complete characterization of all the monotones of the theory of causal
connection, the monotones provided in Prop. 8 are rather abstract, which obstructs their intuitive
interpretation, and makes it hard to deduce how the monotones we already encountered in the main
text (the signalling and the causal robustness) fit in with this complete family of monotones. While
first steps towards an operational interpretation of such a family of monotones have been taken for
the case of supermaps acting on CPTP maps [85], giving the monotones we provided here a physical
interpretation remains an open problem.
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