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Semi-device-independent certification of indefinite
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Quantum processes are transformations that act on quantum operations. Their study led to the discovery of the phe-
nomenon of indefinite causal order: some quantum processes, such as the quantum switch, act on independent quantum
operations in such a way that the order in which the operations are acted upon not only cannot be determined but is sim-
ply undefined. This is the property that we experimentally certify in this work. We report an experimental certification
of indefinite causal order that relies only on the characterization of the operations of a single party. We do so in the semi-
device-independent scenario with the fewest possible assumptions of characterization of the parties’ local operations
in which indefinite causal order can be demonstrated with the quantum switch. To achieve this result, we introduce the
concept of semi-device-independent causal inequalities and show that the correlations generated in a photonic quan-
tum switch, in which all parties are able to collect local outcome statistics, achieve a violation of this inequality of 224
standard deviations. This result consists of the experimental demonstration of indefinite causal order with the fewest
device-characterization assumptions to date.
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1. INTRODUCTION causal structures not only renews our understanding of causality
in nature but also helps to address the long-standing problem of
reconciling quantum theory and general relativity in a theory of
quantum gravity [20-22]. A well-studied process with ICO is the
quantum switch [2], upon which all experimental investigations
of ICO to date have been based [23—31]. There has been some dis-
cussion regarding what is to be considered a valid implementation
of the quantum switch as proposed in [2], with some of the opinion
that current experiments are simulations [32-34], while others

Quantum mechanics challenges the viewpoint that physical
quantities are locally pre-defined independently of measurement
[1]. In recent years, pioneering work in quantum information
has shown that, by assuming local operations respect quantum
mechanics but dropping the assumption that the events must
occur in a definite order, we may also challenge the viewpoint of
well-defined causality [2,3]. While extending the quantum circuit

formalism [4,5] and the notion of quantum combs [6-9], these
works predicted processes with an indefinite causal order (ICO)
that nevertheless do not lead to contradictions or paradoxes in the
collected statistical data [3].

The study of such causal structures shows that ICO brings
advantages to the performance of several quantum tasks [10-19].
From a fundamental perspective, the investigation of quantum
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conclude that the experiments have an ICO [35] or at least have
a quantifiable resource advantage [36]. To avoid ambiguity, here
we call these experimental implementations “photonic” quantum
switches.

An experimental certification of ICO that depends exclusively
on the collected statistical data, and critically does not rely on
any assumptions about the description of the local operations or
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the process, is called device-independent certification. It can be
achieved via the violation of a causal inequality [3,37], similar to
how entanglement can be device-independently certified through
the violation of a Bell inequality [38]. However, not all processes
with ICO are able to generate noncausal correlations that can be
observed in a device-independent way [12,39]; one such example is
the quantum switch [39,40]. Although there exist theoretical proc-
esses that are able to violate causal inequalities [3,37], currently, no
experimental implementations of them are known. ICO has, on
the other hand, been certified in a device-dependent scenario in a
photonic quantum switch, where the operations of all parties must
be fully characterized. In this scenario, certification can be achieved
through a causal witness [39], analogous to an entanglement wit-
ness [41]. All but one experimental demonstration of ICO to date
[23-25,27-31] have critically relied on fully device-dependent
assumptions, essentially assuming a perfect implementation of
all local operations. One recent experiment was reported [20]
in which the measurements performed by the final party of the
photonic quantum switch were treated device-independently, but
still assuming a full characterization of the operations of the other
two parties inside the switch. It also employed device-dependent
assumptions in the analysis of the initial target system, leaving
as an open question whether a certification of ICO that relies on
fewer assumptions would be possible. Recently, new theoretical
proposals have positively answered this question [42,43].

Here, we experimentally confirm this stronger form of certifi-
cation by only making assumptions about the characterization of
the operations of & single party—in a semi-device-independent
scenario. Our certification relies on strictly fewer device-
characterization assumptions than previous implementations.
Moreover, the assumptions upon which we rely are the minimal
set of complete device-characterization assumptions in which the
quantum switch demonstrates noncausal properties [42], without
the need for any further assumptions. We would like to point out
that, in an alternative certification scenario with the aid of ancillary
entangled pairs and an assumption of locality on the space-like
separation of observers, a recent work has demonstrated that all
device-characterization assumptions can be dropped [44]. By
extending the framework of [42], we introduce the concept of tai-
lored semi-device-independent causal inequalities, whose violation
certifies ICO, parallel to how the violation of a steering inequality
[45,46] certifies entanglement in a semi-device-independent way.
We experimentally test our inequality by implementing a photonic
quantum switch. We develop a compact interferometer array,
which incorporates multiple-outcome instruments for all parties
acting on the quantum switch. This enables each party to generate
local outcomes. This novel design allows us to experimentally test
our inequality, yielding a violation by more than 224 standard
deviations.

2. RESULTS
A. Semi-Device-Independent Causal Inequalities

The quantum switch [2] is a process that describes the following
experimental situation. Consider an experiment in which two
local parties, Alice and Bob, act on a qubit target system in an order
determined by the state of a qubit control system (see Fig. 1). If
the control system is in the state |0) (|1)), Alice will act on the
target system before (after) Bob. However, if the control system
is in the coherent superposition |+):=(|0) + [1))/+/2, then
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Fig.1. Schematic diagram of the quantum switch. (a) and (b) Alice and
Bob act on the target qubit in an order determined by the state of the con-
trol qubit, either |0) or [1). (c) When the control qubit is in the superposi-
tion state % (10) + [1)), Alice and Bob act on the target qubit in an ICO.
(d) We certify the indefinite causal properties of the quantum switch in a
semi-device-independent scenario, where only the operations of Alice are
characterized while no assumptions are made about the operations of Bob

and Charlie.

the target state will be acted upon by Alice and Bob in an ICO.
Finally, a third party, Charlie, that is in the well-defined future of
Alice and Bob, performs a measurement in both target and control
systems, regardless of the causal order between Alice and Charlie.
Such a process, depicted in Fig. 1(d), allows for the events marked
by the local operations of Alice and Bob to occur in what can be
interpreted as a superposition of causal orders.

In the process matrix formalism [3], the quantum switch can
be expressed as an operator [39] Wevich ¢ £(HAI @ HAO ®
HE @ HBo @ HE ® HC) that acts on the linear spaces of Alice
and Bob’s input (47, By) and output (Ao, Bp) systems, and on
Charlie’s input, where he receives the future states of the target
(C}) and control (C,) systems. The fact that the quantum switch
exhibits an ICO is formalized by the statement that this process
cannot be expressed as a classical mixture of a process WA<B=<C
(Alice acting before Bob, and Bob before Charlie), with a process
WB=<A<C (Bob acting before Alice, and Alice before Charlie) [39].
Thatis,

Wswitch#qu<B<C+(1 _q)WB<A<C’ (1)

for any 0 < g < 1. This property is called causal nonseparabiliry
[39] and is also referred to simply as indefinite causal order.

Causal nonseparability can be certified through the correlations
that arise when the independent parties involved in the experiment
collect local statistics by making different choices of operations
and recording their outcomes. Such operations are modeled by
quantum instruments, which are the most general operations
that can measure and transform a quantum system. Then, the
joint probability distributions over the outcomes of Alice, Bob,
and Charlie are given by a function of their instrument elements
and the quantum switch process, according to a generalized Born
rule [3],

plabelxyz) =Tt [(Am ® By, ® M,,) Wswifch] G

where {x, y, z} label the inputs, {a, b, ¢} label the outputs,
and Ay e L(HAT @ HA0), By)y e L(HB @ HBo), and
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M, € LOHS @ HE) are the instrument elements of Alice
and Bob, and the measurements of Charlie, respectively. Here,
instruments are represented in the Choi picture [47-49].

Following the framework developed in [42], consider an
experiment that generates the correlations {p(abc|xyz)} in a
semi-device-independent scenario by having Alice, Bob, and
Charlie act on an uncharacterized process with a set of known
operations { 4,/ } for Alice, and unknown operations for Bob and
Charlie. This experiment certifies ICO if and only if, for some
a,b,c,x,9,z,

P(ﬂbf |X)’Z) 7& Tr[(/_lalx 02y Bblz Q Mrlz) ‘VSEPL (3)

for all sets of quantum instruments {By,;} and measurements
{M,;}, and for all tripartite causally separable process matrices
WSEP that have a well-defined last party [i.e., of the form of the
right-hand side of Eq. (1)]. That is, ICO is certified when the
experimentally measured correlations cannot be explained by a
causally separable process regardless of the operations of Bob and
Charlie, assuming only knowledge of Alice’s operations. This
statement is equivalent to showing that the experiment described
by {p(abc|xyz)}and {A,),} cannot be explained by a semi-device-
independent causal model or causal assemblage [42]. A causal
assemblage is a mathematical object that carries the information
of all possible correlations that the uncharacterized parties (Bob
and Charlie) could generate in a definite causal manner, without
even assuming that their operations are restricted by quantum
mechanics. See [42] or Supplement 1 for the precise definition of
semi-device-independent causal models.

We now define semi-device-independent causal inequalities,
whose violation witnesses the fact that the experimental data
cannot be explained by a semi-device-independent causal model.
Given a set of experimentally measured correlations { p (a2 bc|xy 2)}
and a description for the operations of Alice {zzlﬂ| <}, the existence
of a causal model that describes this experiment is a member-
ship problem that can be solved via semidefinite programming
(SDP) [42,50]. Should the experimental data oz be able to certify
an ICO, this SDP provides us with the exact causal model that
describes the data. Alternatively, should the experimental data be
able to certify ICO, it is guaranteed that there exists a hyperplane
that separates the experimental data from the set of correlations
that can be described by semi-device-independent causal models.
This hyperplane can be obtained by the solution of the dual prob-
lem associated with the membership (also called the primal) SDP
and used to constructan inequality of the following form:

Si= " adiplabelxyz) =0, (4)
abe
xyz
where {ajbzf} is a set of real coefficients obtained as the solution of

the dual problem. We show that this inequality is satisfied if and
only if the data comes from an experiment that (1) implements a
process that is causally separable and (2) implements the specific
instruments {A,|,}, regardless of what operations are performed
by Bob and Charlie. Therefore, the violation of this inequality
implies that whichever process being analyzed demonstrates ICO
as long as one can guarantee the hypothesis that Alice holds the
exact instruments {14_14‘,(} that were implemented. The derivation
of Eq. (4), as well as the primal and dual problems, can be found in
the Supplement 1.
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the dual problem defines a valid inequality of the form of Eq. (4).
However, when the information of the theoretical prediction of the
correlations generated in the experiment is available, our method
allows one to derive a specific inequality that is tailored to a particu-
lar experiment and able to better unveil the noncausal properties
of the process being implemented. In order to derive an inequal-
ity tailored to our experiment, we first calculate the theoretically
expected set of probability distributions {pweory(2bc|xy2)},
using the instruments and quantum switch process provided in
the Supplement 1. Then, by computationally evaluating the dual
SDP problem for this set of theoretical probability distributions
and the proposed operations of Alice, we obtain the coefficients
{ot:’;; }, available at the repository in [51]. From these coefficients,

Any set of coefficients {a?} that satisfies the constraints of

we calculate an expected theoretical value of Syeory = —0.0794 for
aperfect quantum switch.

B. Experimental Results with a Photonic Quantum
Switch

To experimentally test this semi-device-independent causal
inequality, we devised and carried out a photonic quantum switch
experiment in which all three involved parties are able to imple-
ment multiple-outcome instruments. The experiment starts with
the preparation of a heralded single photon. As shown in Fig. 2,
twin photons are generated by spontaneous parametric downcon-
version (SPDC). While one is directly detected as a trigger, the
heralded signal photon goes through a half-wave plate (HWP)
for the initial state preparation and is then fed into a photonic
quantum switch. The target qubit is encoded in the polarization
of the signal photon, and the control qubit in its path degree of
freedom. The path (control) qubit is introduced by the first beam
splitter (BS), and the superposition of causal orders is completed
when the paths are coherently combined as in a Mach—Zehnder
interferometer (MZI) at the second BS, projecting the path qubit
into the diagonal basis {|£)}. Note that, in all photonic quantum
switches proposed or implemented to date, the operations of Alice
and Bob must act identically on two orthogonal optical modes. In
most cases, as in our experiment, these modes are two spatial modes
that traverse the same optical element, but polarization modes
[25] have been demonstrated, and temporal modes have been
proposed [52].

The core of our experimental implementation is the incorpo-
ration of multiple-outcome instruments acting on the quantum
switch. Only one experiment so far generated local outcomes
for two of the three parties of the quantum switch by coherently
adding the outputs of measure-and-reprepare instruments of a sin-
gle party with two interferometer loops [24]. Here, our experiment
is based on a novel design of a compact setup that allows the incor-
poration of multiple-outcome instruments for all three parties.
Specifically, Alice and Bob perform two different two-outcome
measure-and-reprepare instruments on the target system, and
Charlie performs two different four-outcome projective measure-
ments on target and control systems. Overall, this constitutes 8
jointinputsettings and 16 possible joint outcome sets.

Multiple-outcome instruments lead to a stronger certification
of ICO, as compared with certification schemes involving only
single-outcome instruments (typically unitaries), by allowing a cer-
tification that does not rely on assumptions about the instruments
of Bob and Charlie. However, they also impose the experimental
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Experimental setup. A 390 nm violet laser pumps B-barium borate (BBO) crystals cut for beam-like emission to generate a 780 nm heralded sin-

gle photon. Notice that the four interferometer loops form a stereoscopic 2 x 2 optical path array, corresponding to the various outcomes of Alice and Bob’s
instruments. Bob’s outcomes are differentiated by the optical paths in the lower or upper layers (denoted by red and purple beams), while Alice’s outcomes

are differentiated by the optical paths in the right or left layers.

challenge of collecting the outcome statistics generated by Alice
and Bob without destroying the coherent superposition of causal
orders. We overcome this challenge in the following way: the
measure-and-reprepare instruments of Alice and Bob are realized
by coupling the polarization mode to additional spatial modes.
The measurement step is realized by a HWP followed by a beam
displacer (BD) and a subsequent HWP that applies the same
unitary rotation to the polarization state in both spatial modes.
This reprepares the target qubit into different orthogonal states
given by the measurement outcome. The deflecting direction of
the BDs of the two parties is set to be orthogonal. Alice’s instru-
ments deflect her outcomes horizontally, while Bob’s instruments
deflect his outcomes vertically (Fig. 2, insets). Consequently, the
interferometer loops introduced by the outcome sets (2, &) of both
parties constitute a 2 X 2 interferometer array, with the beams in
the lower and upper layers represented in Fig. 2 by red and purple
beams, respectively. These interferometric loops are introduced to
coherently recombine the different spatial modes in order to erase
the information about the path through which they propagated.
In this way, Alice and Bob operate on the target system locally
but do not read out their classical outcomes until the information
about the order of their operations is erased, preserving a coherent
superposition of causal orders.

The compact interferometer loops are spatially close, in such
a way that they undergo essentially the same environmental dis-
turbance, which is inherently nearly phase-synchronous. Hence,
they can be simultaneously stabilized with a single phase-locking
system. An additional reference beam (not shown in Fig. 2) is fed
into the quantum switch, and an active locking system is applied
to simultaneously lock the phase of all four interferometers (see
Section 4). Due to the compact setup and the active locking, an
average Mach—Zehnder (MZ) interference visibility of >99.1%
is achieved for all four interferometer loops over more than 1800 s
(see Section 4).

To ensure that the device-dependent assumption of Alice’s
operations holds, we performed quantum process tomography
of her local instruments. Fidelities of >99.8% for all instrument
elements of Alice’s instruments are achieved, confirming that Alice

performs the assumed operations (see Supplement 1). We recall
that the operations of Bob and Charlie are experimentally con-
structed with the aim of implementing a specific set of operations
that is known to allow for the certification of an ICO. However,
this information is not taken into account in the analysis of the
data. Therefore, our certification does not depend on the imple-
mentation of Bob and Charlie’s operations being accurate or even
in any way close to what is theoretically proposed.

Figure 3 displays the joint probability distributions over the
outcomes of all combinations of instruments performed by each
party, both the theoretical prediction and the experimentally
collected data. From this experimental data, we achieve a value of
Sexp = —0.0673 £ 0.0003. The uncertainty of S, represents a
single standard deviation via 50 samples of Poisson-distributed
photon counts generated by a Monte Carlo simulation. This
constitutes a violation by more than 224 standard deviations.

3. DISCUSSION

While a fully device-independent certification is the ultimate goal
in the demonstration of ICO, currently it is unknown whether
the required processes can be physically implemented. Therefore,
in the state-of-the-art of quantum process implementation [53],
the strongest possible method to experimentally certify ICO
is the one that relies on the lowest possible number of device-
characterization assumptions. In that sense, we have improved
upon previous experimental demonstrations by requiring that only
the quantum operations of a single party are characterized. Our
proof was based on the conclusive violation of what we introduce
as a semi-device-independent causal inequality. Since the quan-
tum switch is known not to produce correlations that can be fully
device-independently observed [39,40], our technique constitutes
the minimal set of complete device-characterization assumptions
necessary for the certification of the non-causal properties of the
quantum switch [42]. We ensured these minimal assumptions
to hold by performing process tomography of the characterized
party. Our setup was based on a novel design of a photonic quan-
tum switch with compact interferometer arrays, which enabled
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Fig. 3. Theoretically predicted and experimentally measured frequencies. Each subplot corresponds to the distribution over one set of joint outcomes,
denoted in the horizontal axis by the labels {2, &, ¢}, of one input setting, denoted in the title of the subplots by the labels {x, y, z}. The experimental data
are plotted with blue-colored pillars, while the theoretical predictions are plotted with transparent pillars. For each subplot, the probability distribution is
normalized. The error bars have been omitted as they are negligible due to the high number of counts collected in our experiment.

the additional experimental improvement of locally generating
multiple outcomes by all parties, instead of the more usual imple-
mentation of local (single-outcome) unitary operations. Our active
phase-locking system created a very stable and high-performance
quantum switch. This demonstration, therefore, contributes with
stronger experimental evidence of the occurrence of ICO.
Although our experiment treats all but one party device
independently, our demonstration could still be susceptible to
loopholes. This is intimately related to the debate about whether
photonic quantum switches are valid implementations or simu-
lations of the quantum switch [2], which often revolves around
the number of uses of each local operation in the implementations
of the quantum switch. This “many-copy loophole” comes from
the fact that it is known that the effect of a quantum switch that
acts only on unitary operations can be also reproduced by a causally
ordered circuit that has access to extra copies of these unitary oper-
ations [2]. For a switch that acts on non-unitary operations, such
as the one reported here, it is unknown whether the action of the
quantum switch can be simulated in an ordered fashion even with
access to an arbitrary number of extra copies of these operations.
To conclusively discard the many-copy loophole, in principle,
the number of uses of each operation should be certified. It has
been proposed that this could be achieved with a counter device
[35] or by quantifying how much energy has been expended in a
single run of the experiment [36]. In the case of our experiment,
additional copies could potentially correspond to the different
spatial modes that pass through the same optical element. If taken
to the extreme, one could use an unfolded MZI, with instruments
Al and BI in one arm and instruments B2 and A2 on the other,
and this would behave the same as our experiment. However, since
our multiple-outcome instruments are not unitary operations, it
remains an open question whether access to these potential extra
copies would be sufficient to explain our experimental results in
a causally ordered way. Hence, it is unclear whether our experi-
ment in particular also suffers from the many-copy loophole. This

current lack of understanding illustrates that the certification of
ICO is a field in its infancy, and more work is required to identify
all potential loopholes and devise methods to close them. We hope
that our work will further motivate the study of potential loop-
holes in general quantum switches and that our novel method of
implementing operations beyond unitaries will motivate the use of
more complex operations in future protocols concerning indefinite
causality, stimulating further investigation of this phenomenon
based on even less assumptions.

4. MATERIALS AND METHODS
A. Phase-Locking System Setup

The violation of our semi-device-independent causal inequality
relies on integrating measure-and-reprepare operations in both
interrogating agents inside the quantum switch. This particular
demand can be well addressed in our optical quantum switch with
compact interferometer loops. Although the interferometer loops
of 2 x 2 interferometer arrays are inherently phase-synchronous,
they still undergo the identical environmental noise. An actively
phase-locking system is applied to stabilize the path difference of
the two spatial paths introduced by the first BS.

The phase-locking system consists of a reference light with
780 nm, a photon detector (PD) and a proportional—integral—
derivative controller (PID) module. As shown in Fig. 4, the vertical
polarized reference light (the yellow line) is first fed into the quan-
tum switch from its outcome path and counterpropagated through
the spatial path. Notice that the reference light is set slightly higher
than, but close to, the single photon’s optical path, so that it can
be conveniently fed into, and separated from, the experimen-
tal setup while undergoing the same environmental noise. The
reference light is split into two branches by the BS of Charlies’
instrument. Each branch travels along its corresponding arm of the
Mach-Zehnder interferometer (MZI). The reference light is kept
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Fig. 4.  Sketch of the experimental setup with locking systems. PID,
proportional-integral-derivative controller; PZT, piezoelectric ceramic;
HWP, half-wave plate; IF, interference filter; BS, beam splitter; BD,
beam displacer; PBS, polarized beam splitter. Here, the lower-layer
and upper-layer interferometers are implicitly shown in a single path.
An explicit structure of the interferometer loops is shown in the main
text. The single-photon target system is denoted by the red line, and the
reference light for the locking system is represented in yellow. Two mir-
rors in the left-bottom part of the figure, mounted in translation stages,
work as a trombone-arm delay line to tune the path difference of the two
branches of the Mach—Zehnder interferometer (MZI). With the observed
interference, the quartz plates are used to independently finely tune the
phase of each interferometer loop. Notice that Alice and Bob perform
multiple-outcome instruments inside the switch, but they do not record
the result to avoid destroying the indistinguishability of causal orders
until Charlie has performed his measurements. The label in the final
single-photon detectors {000, 001, 002, 003 --- , 110, 111, 112, 113}
denotes the joint measurement outcomes {zbc}, ;. of Alice, Bob, and
Charlie, respectively. Note that Charlie’s instruments include both
the measurement on the control qubit (by the BS) and the subsequent
measurement on the target qubit (by the polarization analysis system).

overhead of all the wave plates of Alice and Bob’s instrument and
only travels through the BDs, such that the polarization is always
kept in vertical direction and not deflected by the BD when Alice
and Bob run over all settings. The two branches of the MZI are
recombined again in first BS. One of the outcomes is reflected by a
mirror overhead and continuously monitored by a PD. The power
recorded by the PD reveals the phase relation of the MZI and is
sent into the PID. The feedback voltage generated by PID drives
the piezoelectric ceramic (PZT) attached to the mirror to actively

stabilize the phase of the MZI.

B. Performance of Interferometer Array

When the locking system is applied, the phases of the four inter-
ferometer loops can be efficiently stabilized, while still not sharing
precisely the same phase relations because they do not strictly
overlap in space. To further finely tune the phases and make them
strictly synchronous, additional quartz plates are inserted in each
branch of the interferometer. As shown in Fig. 4, for each spatial
branch of the interferometer, one quartz is inserted behind the
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Fig.5. Visibilities of the interferometer array. For each specific setting,
only the parts of the spatial mode containing interference are shown. In
the upper inset, the colored boxes include the interfering spatial modes.
Different colored boxes correspond to different settings, while different
colored spatial modes correspond to different measurement outcomes.
The interference fringes of these interfering spatial modes are provided in
the lower plots, where each setting is plotted individually.

BD. The optical axes of the quartz are both set along horizontally,
such that the quartz will introduce birefringence between horizon-
tal and vertical polarization. By tuning the yaw of the quartz, its
effective thickness can be changed to introduce a tunable relative
phase between outcome spatial modes of BD. The quartz in Alice’s
side is used to synchronize the phase between the lower (vertical
polarization) and upper (horizontal polarization) interferometers
(in Fig. 4 they are represented by a single optical line as overlapped
in a bird’s-eye view); the quartz in Bob’s side is used to synchronize
the phase between the left and right interferometers.

The 2 x 2 interferometer loops will share stabilized and identi-
cal phases after the above-mentioned procedures are completed. To
characterize the performance of our quantum switch, we measure
the interfering visibilities of the 2 x 2 arrays with a single photon
in a real experimental scenario. In this real experimental scenario,
Alice and Bob may have two possible measurement settings along
the direction of 0, and o,. There are four possible setting com-
binations in the experiment {00, 0402 o40f, oclcP}; in
each setting, there are at most two interferometer loops containing
interference, while the others have no interference because in such
setting those outcomes may have vanishing probability. In the
upper inset of Fig. 5, we provide the cross section of the interferom-
eter array and interconnect the spatial modes with corresponding
measurement outcomes by different colors. The interferometer
loops that contain interference are also included by different color
boxes for different settings. The lower plots of Fig. 5 depict the
measured visibilities of these interferometer loops. Visibilities for
each setting are plotted in an individual subplot, and each inter-
fering outcome is plotted with a corresponding colored fringe in
the upper inset. All fringes show averaged visibility of more than
99.1% in more than 1800s, which suffices to collect the data of
the whole experiment. The high visibilities of the interferometer
arrays suggest a strong proof that we faithfully implemented a
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high-performance quantum switch, which incorporates distinct
outcomes in both Alice’s and Bob’s side.
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The Supplemental Material is organized as follows: In Sec. I, we define semi-device-independent
causal models and inequalities, and their formulation as semidefinite programs. In Sec. II, we de-
scribe the local operations and the quantum switch process used in the calculation of the theoretical
probability distributions. In Sec. III, we provide the results about the experimental characterization
of Alice’s instruments.

I. SEMI-DEVICE-INDEPENDENT CAUSAL MODELS AND INEQUALITIES

Following Ref. [1], consider the scenario under the assumptions that the process, Bob’s, and Charlie’s operations
are uncharacterized, and Alice’s operations are fully characterized, a scenario referred to in Ref. [1] as TUU (as in
Trusted-Untrusted-Untrusted, referring to the partition Alice-Bob-Charlie, and using the word “(un)trusted” here as
synonym to “(un)characterized”). In this scenario, a causal model (also called a TUU-causal assemblage) is a set of

semidefinite operators {wgglfjl}, wgg“zsjl € L(HAT @ HA°) that recovers the statistics {p(abc|zyz)} of an experiment

that implemented the characterized instruments {Zam.} according to

plabelayz) = Tr (A, wizs') (1)

An experiment described by {p(abc|zyz)} and {A,,} that can be recovered by a causal model as above, is one that
can be simulated by a process that is causally separable, and therefore does not certify indefinite causal order [1].

A causal model {w*#} | as per Ref. [1], is defined as below:

clyz
1. A<B<C B<A<C
waeel = qQWpey. -+ (1- q)wbclyz Y b, ey, 2, (2)
for some 0 < g < 1, where {wé@f*c} must satisfy
A<B=<C
Wierys 20 Vbcy, 2 (3)
A<B=<C | _
Tr Zwbc‘yz =da, YUY,z 4)
b,c
A<B=<C _ A<B<C /
Z Wil = Wyl V by, z 2 (5)
(&3 (&
A<B<C _ A<B=<C ! ’
Zwbc\yz - Zwbcly/z’ Vy,y,zz (6)
b,c b,c
A<B=<C A<B=<C 140
b,c b,c



and {wi@?<c} must satisfy
wfcfy’:*c >0 Vb,cyz (8)
A<C
Z wfc\?;z< =da, Vy,z 9)
A A
Z wfcfyz<c Z wfcfyzfc vV by, 2,2 (10)
c
B<A<C B<A<C 1AO
Z Wyers = Tra, Z Wl dA YVb,y,z. (11)
c O

We refer to Ref. [1] for details of the derivation of this causal model. -
Given a set of probability distributions {p(abc|zyz)} and a set of characterized instruments {A,,}, the amount of
randomness—which can be in this context interpreted as white noise—that can be mixed with {p(abc|zyz)} such that

it accepts a description by some causal model {wggﬁfjl}’ is given by the solution of the following semidefinite program

(SDP), which we call the primal problem:

given {p(abclzyz)}, {Aaj}
maximize 7
) 1 . (12)
subject to 7 p(abclzyz) + (1 — n)N—O =Tr (Aah; wggl‘fj ) Va,bcx,y,z
ausal

C
{wpely= ) is a causal model,

where Np is the total number of outcomes of the experiment and the optimization is taken over the variables n and

{w‘b’jl‘jfjl}. If the solution of this SDP is max{n} > 1, then a causal model exists and indefinite causal order cannot

be certified in the experiment described by {p(abc|zyz)} and {A,,}. Alternatively, if max{n} < 1, then one certifies
that the experiment described by {p(abc|zyz)} and {A,,} does not accept a causal model and therefore demonstrated
indefinite causal order.

The dual problem associated to the above SDP can be derived by associating a Lagrange multiplier to each of
the constraints of the primal problem, then writing the Lagrangian associated to this problem and deriving the dual
function by taking the supremum of the Lagrangian with respect to the primal variables [2, 3]. Following this standard
procedure |2, 3|, we arrive at the following dual SDP:

given {p(abclzyz)}, {Aap.}
minimize 1+ Z b p(abe|ryz)

TYz
abc
ryz
subject to Za Agje — abﬁB*c >0 Vbey,z
Zaabc Aa|m _ O-b‘-<A_<C >0 V b Y, %

Yz

N Z gyl =1+ agn plabelryz),

abce abc
TYZ TYZ
where the optimization is taken over the variables {aggcz , which is a set of real coefficients, and the variables {alﬁ;zB =1
<A=<C : :
and {O’b‘yz }, which are sets of operators given by
1
A<B<C A<B<C A<B=<C A<B=<C _ A<B=<C A<B=<C
Ub|yz h 1 + Kb\yz + Gyz oGyz 0 T + R (14)
o
1
B=<A<C _ pB<A<C B<A<C | jB<A<C _ B<A=<C
Jb|yz h 1+ Kb\yz Jb|yz Jb\yz ® ’ (15)

da,



for all b, y, z, and where {h;\3B=C}, {pB=A=C} [KA=B=CY {KPA=CY and {R{}ZP=“} must satisfy

Z hA<B<C =0, Z hf;fHC 0 (16)
ZKl;?;zB<C 0, ZK;?;ZA-<C =0 Vby (17)

ZRA<B~<C , (18)

and the other variables can be any complex hermitian matrices.
Since primal and dual SDPs satisfy the condition of strong duality [2] (take the strictly feasible point in the primal
where all elements of the causal model are non-zero and proportional to the identity operator), it is known that their

solutions coincide. Hence, max{n} = min{1 + Y ape a4 p(abclzyz)} > 1 implies the existence of a causal model,
wyz

while max{n} = min{l 4+ Y 4pe a2 p(abelzyz)} < 1 implies indefinite causal order, leading to the inequality
wyz
S = g agffzp abe|ryz) > 0, (19)
abc
Yz

derived under semi-device-independent assumptions, which is satisfied if and only if the experiment described by
{p(abc|zyz)} and {A,,} can be explained by a causal model. The coefficients {a42%} of the above inequality are

TYz

obtained from the solution of the dual problem, and they will depend on both {p(abc|zyz)} and {A,),}.

II. THE QUANTUM SWITCH PROCESS AND LOCAL OPERATIONS

In this section, we specify exactly what are the local operations that Alice is assumed to experimentally implement.
In Sec. 111, the reader will find details on the process tomography performed on Alice’s local operations to ensure that
the experimentally implemented operations indeed correspond to the theoretically assumed ones, described below.

Furthermore, in this section we also compute a theoretical prediction for the sets of probability distributions that
can be measured in our experiment. For this purpose, we use a description of the quantum switch process and a
choice of local operations for Bob and Charlie described below. Crucially, these operations are only used to calculate
a theoretical prediction for the probability distributions and are not assumed in the analysis of the experimental data
or evaluation of the inequality violation.

As described in the main text, this theoretical prediction of the probability distributions allows us to derive, using
the SDP in Sec. I, the coefficients of a tailored semi-device-independent causal inequality that is expected to capture
the indefinite-causal-order properties demonstrated in our experimental setup.

Within the process matrix formalism [4], the quantum switch can be described as an operator Ws%itch ¢ £(HAr @
HAo @ HBr @ HBo @ HC ® HC) that acts on the linear spaces of Alice’s and Bob’s input (A, By) and output
(Ao, Bo) systems, and of Charlie’s future target (C;) and control (C,) systems. A quantum switch that has a control
system in the initial state |[+) = (|0) 4+ [1))/+/2 and a target system in the initial state |0) is given be the operator

W = Jap) (w], (20)

where
1
) = 5 (012405 |12 C40) 4 0) 1504 1)1 1)), (21)
V2
and [1)79 = 3. ]i)7[i)© is the Choi vector of an identity map from input space I to output space O, and the basis
{]é) }; is the computational basis in which the Choi operators are defined.
The local instruments performed by Alice and Bob are given by their corresponding Choi operators below. The
measurements performed by Charlie are also described below. The instruments of Alice are given by a set of operators
{Auz}, Aajw € L(HAT @ HAC) with a,z € {0,1}, such that

Agpo = 10)(0[*7 @ |0) (0] *© (22)
Ao = [D){1A @ 1) (1[4 (23)
Ao = Y (HIAT @ [4) (+[ 40 (24)
A = |-}~ & |-)(—|"°, (25)
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where |+) := (]0) + [1))/v/2. Essentially, these instruments correspond to Alice first measuring the target qubit on
either the Pauli Z or X basis and then re-preparing the eigenstate corresponding to her measurement outcome.
Bob’s instruments are identical to Alice’s, i.c., {Byy}, By, € L(HPT ® HP0) with b,y € {0,1}, that is,

Bojo = Aojo (26)
Bijo = Aqo (27)
Boj1 = Ao (28)
By = Aqp (29)

Finally, the measurements of Charlie are defined as {M,.}, M. € L(H*®@H ) with z € {0,1} and ¢ € {0,1,2,3},
given by

Mojo = 10)(0]”* ® |+)(+]%, (30)
My = [1)(1|% @ [4)(+], (31)
Mapo = |0)(0[°" & [—)(—|, (32)
Msjo = [1)(1]% @ |-)(—| (33)
Mop = |[+)(+|“" @ [4+)(+]“ (34)
My = [+){(+|% @ |-){—| (35)
Myy = [=){=|% @ [+)(+], (36)
M = |=){—|% ® |-){—| (37)

Charlie’s first measurement corresponds to performing a projective measurement on the Pauli Z basis on the target
qubit and on the Pauli X basis on the control qubit, while his second measurement corresponds to performing a
projective measurement on the Pauli X basis on both target and control qubits.

The theoretical probability distributions {psheory(abc|zyz)} are then calculated from Ws¥itch (A, % {By,}, and
{M_,,.} given above, according to

ptheory(abdxyz) =Tr [(Aa\o: ® Bb|y Y Mc\z) WSWitCh] ) v a, b7 CX, Y, 2. (38)

By evaluating SDP (13) with the probability distributions {pneory(abc|zyz)} and the set of local instruments for
Alice {Ag),} described above as input, one obtains the coefficients {agéﬁ,} of the semi-device-independent causal
inequality tested in our experiment. We also obtain a theoretical value for the inequality score of Siheory = —0.0794.

We would also like to remark that, although the operations above were the ones used in the computation of our
theoretical prediction of the sets of probability distributions, they are not the only possible set of local operations
that can lead to a semi-device-independent certification of indefinite causal order. Take for example the set of
probability distributions that can be computed from the quantum switch process Ws¥ith in Eq. (20), the same set
of instruments for Bob as in Egs. (26)-(29), the same set of measurements for Charlie as in Egs. (30)—(37), and
for Alice, three unitary (single-outcome) operations that act on the target system according to A;(p) = ox pox,
As(p) = oy poy, and Az(p) = |0)(0|, where ox and oy are Pauli operators, and Aj is a trace-and-replace map that
discards the input state and deterministically prepares the output state |0)(0|. By evaluating SDP (13) with this
set of probability distributions and this set of local operations for Alice, it can be checked that the corresponding
semi-device-independent inequality would be violated by a value of Siheory = —0.0400.

III. CHARACTERIZATION OF ALICE’S INSTRUMENTS

The theoretical model of our work is described with the process matrix formalism. The instrument elements of all
local parties can be described by their corresponding Choi states. The main merit in our work is to assumed that
only the instruments of Alice are characterized, while those of Bob and Charlie are treated device-independently. To
characterize the operations of Alice’s side and check that she actually performs the desired instruments—justifying
the device-dependent assumption of her operations—we experimentally performed process tomography.

Figure 1 illustrates the Choi states of Alice’s instrument elements. The four Choi states correspond to each of Alice’s
possible measurement basis in o, and o, direction with possible outcomes a € {0,1}. The Choi states of each instru-
ment element exhibited fidelity of {0.9989,0.9991,0.9991,0.9990}, with respect to ideal ones {Ago, Aoj1, A1jo, A1j1}



Figure 1. Choi states of the characterized party’s instruments. The basis of the Choi states is {|i)*! ® |j)4°}i;, 4,5 € {0,1}.
Each column describes an instrument element corresponding to a measure-and-reprepare operation with outcome 0 in the o,
basis, outcome 1 in the o, basis, outcome 0 in the ox basis, and outcome 1 in the ox basis, in this order. The real part of the
Choi state is presented in the first row and the imaginary part in the second row.

given by Eqs. (22)—(25), respectively. The errorbars are exempted since we collected a sufficiently high number of
counts to make them negligible. The high fidelities we measured justify the validity of our characterization assumption
over Alice’s operations.
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