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Course overview

® Part I. Quantum vs. classical correlations in nonsignalling scenarios

® Part II. Quantum vs. classical correlations in network scenarios

® Part III. Quantum vs. classical correlations in signalling scenarios



Part I overview

Part I. Quantum vs. classical correlations in nonsignalling scenarios.

® The CHSH game

— Classical strategies (local hidden variable models)

— Quantum strategies

— Nonsignalling strategies

— Bell inequalities and the polytope of correlations
e Nonlocality and entanglement

— Entanglement certification

— Local entangled states

— Device-independent applications

¢ Single-shot quantum nonlocality
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The CHSH game

Winning conditions

If the both receive TAILS - output DIFFERENT colors

For any other input combination =% output MATCHING colors






The CHSH game

What strategy Alice and Bob can agree on before the game starts to
give them the highest chance of winning each round of the game?
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The CHSH game
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/ assuming fair coins:
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The CHSH game

Alice Bob Alice Bob

/ assuming fair coins:

x Can they do better?
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The CHSH game

Can they do better?
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Input Winning conditions
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The CHSH game
Winning condition:

adb=x-vy

Clauser et al., PRL (1969)



The CHSH game

Winning condition:

adb=x-vy
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The CHSH game
Winning condition:

adb=x-vy

Score:

S=> qzy)pladb=xz-y|zy)
LY

— Z q(z,y) Z 5(a@b,w-y) p(ab|zy)
LY Cl,,b

Clauser et al., PRL (1969)



The CHSH game
Winning condition:

adb=x-vy

Score:

S = Z Q(wa y) 5(a€Bb,x-y) p(ab ‘ Zl?y)
a,b,x,y —

settings of players’
the game strategy



The CHSH game

Classical strategies

p(ab|zy)

What does it mean for Alice and Bob’s strategy to be classical?

Bell, Physics Physique Fizika (1965)



The CHSH game

Classical strategies

plab|zy)
What does it mean for Alice and Bob’s strategy to be classical?

According to Bell’s theorem, they must be described by a local hidden variable model.

Let’s understand it first as a classical strategy.

Bell, Physics Physique Fizika (1965)
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The CHSH game
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The CHSH game

Classical strategies

p(ab|zy) = ZW pala|z, ) pp(b|y, )
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Classical strategies

p(ab|zy) = ZW pala|z, ) pp(b|y, \)

m(A) # m(A|zy)



The CHSH game

Classical strategies

p(ab|zy) = ZW pala|z,A\)pp(b|y,A)

m(A) # m(Alzy)
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The CHSH game

Classical strategies
p(ab|zy) = Zw ) paalz, ) pp(bly, A LHV

7T(A) m(Alzy)



The CHSH game

Score:

S = Z C](ZU, y) 5(a@b,a¢-y) p(&b ‘ ZIZ‘y)

CL?b?x?y

Maximum classical score:



The CHSH game

Score:

S = Z Q(xv y) 5(a@b,a:-y) p(&b ‘ QIZ‘y)

a7b7a’;7y

Maximum classical score:



The CHSH game

Score:

S = Z Q(xv y) 5(a@b,az-y) p(&b ‘ .CE:I/)

a’7b7a?7y

Maximum classical score:



Assuming fair coins:

The CHSH game

Score:

S = Z Q(xv y) 5(a@b,az-y) p(&b ‘ .CE:I/)

a’7b7a?7y

Maximum classical score:

a’? 7a,;7y
Max Z Q(xa y) 5(a@b x-y) Z 7T(>‘)
{W’pA’pB}abxy A



The CHSH game

Can quantum strategies do better?

What does it mean for Alice and Bob’s strategy to be quantum?

p(ab | ry)



The CHSH game
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The CHSH game

Quantum strategies

p(ab|xy) = tr

:(Aa\a: X Bb|y) IO

— Born rule



The CHSH game

Quantum strategies

p(ab|zy) = tr |[(Aye @ Byy) p —> Born rule

/@\ /@\ p # f,y)
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p(ab|xy) € Q



The CHSH game

Quantum strategies

p(ab|zy) = tr |[(Aye @ Byy) p —> Born rule



Alice’s measurements:

Bob’s measurements:

shared quantum state:

The CHSH game

Quantum strategies

plab|xy) = tr

:(Aa\a: X Bb|y) IO

Aa\a?>0 Va,x ZACL|5’3:1 vz

By 20 Vby D Boy=1Vy
b



The CHSH game

Quantum strategies

p(ab|zy) = tr [(As)z ® Byjy) p.

Alice’s measurements: Ay =0 Va,x Z Agle =1 Vo
a

Bob’s measurements: By =20 V b,y Z Byy =1 Vy
b
shared quantum state: p >0 tr(p) =1
3
S>—7



The CHSH game

Quantum strategies

Quantum state Quantum measurements
o) — %(\om L)) m(9)) = cos(6) |0) + sin(6) |1)
Apjo = [m(0)Xm(0)], Ajjo =1 = Agjo
Aojp = [m(m/4))m(m/4)], Ap =1 - Aop
PRy
S Bojo = [m(m/8))m(m/8)], Bijo =1 = Bojo

Bojy = [m(=m/8)m(=7/8)|, Bip=1- DBop

Clauser et al., PRL (1969)



Quantum state

1
OF) = 75100} + [11)

p= 2T 2|

Clauser et al., PRL (1969)

The CHSH game

Quantum strategies

Quantum measurements
'm(0)) = cos(f) |0) + sin(0) [1)

0 0

Alice Bob




The CHSH game

Quantum strategies

AO\O = |m(0))m(0)], A1|0 =1- A0|0
p= [0t Y@ Aop = Im(m/A)m(x /)|, Ay =1- Agp
Bojo = m(7/8)Xm(m/3)], Bijo =1 - Bojo

p(ab | LEy) = 1r [(Aa|x 02y Bbly) /0] — S = Z Q(xa Z/) 5(a@b,a:-y) p(ab | Lli'y)

Clauser et al., PRL (1969)



The CHSH game

Quantum strategies

A0|0 = |m(0))m(0)], A1|o =1- A0|0
p= [0t Y@ Aop = Im(m/A)m(x /)|, Ay =1- Agp
Bojo = m(7/8)Xm(m/3)], Bijo =1 - Bojo

Clauser et al., PRL (1969)



The CHSH game

1 3 2442
S = 1 Z 0(amb,zy) Plab|zy) < 1 < 1

a ) b?‘f'[; 7y
‘ | achievable by

quantum correlations

for classical (= local)
correlations



The CHSH game

1 3 2442
S = 1 Z 0(amb,zy) Plab|zy) < 1 < 0

a ) b?‘/’U 7y
‘ | achievable by

quantum correlations

for classical (= local)
correlations

[s there a strategy that can win the game perfectly?

(S=1)



Nonsignalling scenarios

No constraints on the type of source and type of local processing function

Only constraint: no communication between Alice and Bob



Nonsignalling scenarios

No constraints on the type of source and type of local processing function

Only constraint: no communication between Alice and Bob

In scenarios without communication, all correlations satisfy the following constraint:

Alice’s marginals are / /
independent of Bob’s input: QA(alm) zb:p(a ‘ Iy) Zp(a ‘ LY ) Ly Y, Y

Bob’s marginals are

/ /
independent of Alice’s input: B(0ly) ZP ab | zy) Zp(ab jzy’) V by, x,a

p(ab|xy) € NS



Nonsignalling scenarios

alalz) = Zp ablazy) = ) plab|zy’) ¥V a,z,y,y
Nonsignalling: ’
B(bly) : Zp ablazy) = ) plab|zy’) ¥ b,y,z,a’

Quantum correlations are nonsignalling:

Z (ablzy) = Ztr Aglz ® Bb‘y)p]
— tr (Z Aa|:c X Bby) 0

= tr [(1 X Bb|y),0] =qp(bly) ——— independent of x



Nonsignalling scenarios

alalz) = Zp ablazy) = ) plab|zy’) ¥V a,z,y,y
Nonsignalling: ’
B(bly) : Zp ablazy) = ) plab|zy’) ¥ b,y,z,a’

Classical correlations are nonsignalling:

Z (ablry) = ZZW pa(alz,A) pp(bly, A)
— Zw ZPA alz, ) pe(bly, A)

— Zw )pB(bly, \) = gqB(bly) —— independent of x



Nonsignalling scenarios

p(ab|zy) € NS

alalz) = Zp ablay) = ) plablzy’) YV a.z,y.y
Nonsignalling: ’

B(bly) : Zp ab|xzy) =Y plablzy’) V by,



The CHSH game

1
fa®bb=x-y

plab|zy) = “PR box”

2
0 otherwise

This strategy is nonsignalling,
This strategy wins the game perfectly.

Rastall, Foundations of Physics (1985); Tsirelson, Hadronic J. Suppl. (1993); Popescu & Rohrlich, Found. Phys (1994)



The CHSH game

1
fa®bb=x-y

plab|zy) = “PR box”

2
0 otherwise

This strategy is nonsignalling,
This strategy wins the game perfectly.

However, this strategy is not quantum.

Rastall, Foundations of Physics (1985); Tsirelson, Hadronic J. Suppl. (1993); Popescu & Rohrlich, Found. Phys (1994)



The CHSH game

S = Z Q<$7y) 5(a@b,x-y) p(@b‘.ﬁlﬁ‘y) < By, < BQ < Bns

CL?b)CB?y
local: Bi, = max S p(ab|zy) =) w(A)palalz,A)ps(b|y, )
A
quantum: Bq = max S p(ab|zy) = tr [(Ag)z © Byjy) p]

nonsignalling: Bns := max & b

pENS Z (ab|xy) = Zpab\xy



The CHSH game

Z (2, Y) O(amb,zy) Plab|xy) < Br, < Bq < Bns

CL,b,CE‘,y — — —
assuming fair coins: S 2+ V2 1
4 4
local: Bi, = max S p(ab|zy) =) 7(A)pala]z,A)ps(b|y, )
P A
quantum: Bq = lgleaéi S plab|xy) = tr [(Aahj R By|y) p|

nonsignalling: Bns := max & b

peENDS Z (ab| zy) = Zp ab\acy



Geometric interpretation of CHSH

/T O\




Geometric interpretation of CHSH

PR box

deterministic deterministic

local strategies local strategies




Geometric interpretation of CHSH
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Bell inequalities

3
CHSH inequality: E : q(:z:‘,y) 5(a@b,x-y) p(ab | ZE?J) < A
a,b,x,y



Bell inequalities

3
CHSH inequality: E : q(xay) 5(a@b,x-y) p(ab ‘ ZL‘?J) < A
a,bx,y

j coefficients can be generalized



Bell inequalities

3
CHSH inequality: E : q(xay) 5(a@b,x-y) p(ab ‘ CE?J) < A
a,b,x,y

j coefficients can be generalized

General
Bell inequalities:




Bell inequalities

3
CHSH inequality: E : q(x,y) 5(a@b,x-y) p(ab ‘ CE?J) < A
a,b,x,y

coefficients can be generalized

General
Bell inequalities:

similarly for quantum
and nonsignalling

bounds



Bell inequalities

linear combination
of probabilities

T T

+ localbound = Bell inequality

“Useful” Bell inequalities are those that can by violated by quantum correlations,

that is, have a classical vs. quantum separation.



Relationship between entanglement and nonlocality



Nonlocality and entanglement

separable quantum state: P = Z () ,0321 ) ,0>1‘3
A

Let Alice and Bob locally measure a separable quantum state:



Nonlocality and entanglement

separable quantum state: P = Z () ,01)21 ) ,0_>;_?3
A

Let Alice and Bob locally measure a separable quantum state:

p(ab\xy) = {r [(Aa\a:' ) Bb\y)p}

= tr | (Ag|z ® Bpyy) Z () (ph @ pp)
I )\

=) " 7(N) tr [(Aajz @ Byy)(0h @ p3)]
A

— Z m(A) tr(Ag, ) tr (B, p%)

— Zw()\)pA(am A) pe(bly, A)



Nonlocality and entanglement

separable quantum state: P = Z () ,01)21 ) pi‘g
A

Let Alice and Bob locally measure a separable quantum state:

p(ab\xy) = {r [(Aa\a: X Bb\y)p}

= tr | (Ag|z ® Bpyy) Z () (ph @ pp)
I )\

=) " 7(N) tr [(Aajz @ Byy)(0h @ p3)]
A

— Z m(A) tr(Ag, ) tr (B, p%)

— "7\ palale, N ps(dly,\) = o<l

X correlations



Nonlocality and entanglement

Separable quantum states always lead to local correlations
in Bell scenarios



Nonlocality and entanglement

Separability of quantum states: p = Z () ,01)21 ) ,0>1‘3
A

= convex combinations of product states

Separability of correlations: p(ab|xy) Z T(A) pa(a|x, \)pp(b|y, \)

= convex combinations of product probabilities



Nonlocality and entanglement

separable quantum state > local correlations

therefore

entangled quantum state < nonlocal quantum correlations



Nonlocality and entanglement

separable quantum state > local correlations
therefore
entangled quantum state < nonlocal quantum correlations
if
p(ablzy) = tr [(Aajz ® Byjy)p|
and - p 7 Z W()‘)Pi\x ) P)l\%

plabley) # 3 (3) pa(ale ) pally. N



Nonlocality and entanglement

if
p(ab|azy) = tr [(Aa|x 02y Bb\y)p]
and - p 7 ZW()\)PQ ) P)l\%

plablzy) 7 ZW pa(alz,A) pp(bly, A)

This implies that entanglement can be concluded directly from p(ab|zy)

without any need of information about the states and measurements that were implemented.



Nonlocality and entanglement

1f
p(ab\azy) = tr [(Aa|x 02y Bb|y)p]
o > p# Y w(A)p) ® pis

plablzy) 7 ZW palalz,A) pp(bly, A)

This implies that entanglement can be concluded directly from p(ab|zy)

without any need of information about the states and measurements that were implemented.

This is know as device-independent (DI) certification of entanglement



Nonlocality and entanglement

Applications of DI certification of entanglement

® Device-independent quantum key distribution

® Strong security proofs in quantum cryptography minimal-assumption

e Randomness generation and amplification certification

® Self-testing of quantum states and measurements



Nonlocality and entanglement

separable quantum state > local correlations

entangled quantum state < nonlocal quantum correlations

(?

entangled quantum state > nonlocal quantum correlations




Nonlocality and entanglement

separable quantum state > local correlations

entangled quantum state < nonlocal quantum correlations

nonlocal quantum correlations

entangled quantum state %



Nonlocality and entanglement

Some entangled quantum states always lead to local correlations, for all choices of measurements
of Alice and Bob



Nonlocality and entanglement

Some entangled quantum states always lead to local correlations, for all choices of measurements
of Alice and Bob

A quantum state p is nonlocal if

{Aa|x}7 {Bb|y} ; tr [(Aa|w 02 Bb|y)p} # Z ﬂ-()‘) pA(a\x, )\) pB(b|y7 >‘)
A

A quantum state p is local if

' {Aa\az‘}v {Bb\y} : tr[(Aa\x 02 Bb\y)p} — Z 77()‘) pA(a|x7 )‘) pB(b‘yv )‘)

even infinitely many measurements with infinitely many outcomes



Nonlocality and entanglement

Some entangled quantum states always lead to local correlations, for all choices of measurements
of Alice and Bob

A quantum state p is local if

Vv {Aa|a’;}7 {Bb|y} : tr[(Aa|w 02y Bb|y)/0] — Z ﬂ-()‘) pA(CL‘ZI’J, >\) pB(b‘yv )‘)
A

The statistics generated by a local entangled states in a Bell scenario
can always be reproduced by a separable state, and hence,
by a classical/local hidden variable model.



Nonlocality and entanglement

Some entangled quantum states always lead to local correlations, for all choices of measurements
of Alice and Bob

Example: Two-qubit Werner states

p(v) = v |[®TNDT| + (1 — v)%

Werner, PRA (1989); Clauser et al., PRL (1969); Barrett, PRA(2002); Zhang, PRL (2024); Renner, PRL (2024)



Nonlocality and entanglement

Some entangled quantum states always lead to local correlations, for all choices of measurements
of Alice and Bob

Example: Two-qubit Werner states

p(v) = v |[®TNDT| + (1 — v)%

separable entangled

Werner, PRA (1989); Clauser et al., PRL (1969); Barrett, PRA(2002); Zhang, PRL (2024); Renner, PRL (2024)



Nonlocality and entanglement

Some entangled quantum states always lead to local correlations, for all choices of measurements
of Alice and Bob

Example: Two-qubit Werner states

p(v) = v |[®TNDT| + (1 — v)%

1 1 1
v =10 3 5 V2 v=1
PR
separable entangled
local nonlocal

Werner, PRA (1989); Clauser et al., PRL (1969); Barrett, PRA(2002); Zhang, PRL (2024); Renner, PRL (2024)



Nonlocality and entanglement

Some entangled quantum states always lead to local correlations, for all choices of measurements
of Alice and Bob

Example: Two-qubit Werner states

p(v) =0 |<I>+><<I>+‘ + (1 — v)%

1 1 1
v=20 3 9 V2 v=1
-
separable entangled 2
local nOﬂlocal

Werner, PRA (1989); Clauser et al., PRL (1969); Barrett, PRA(2002); Zhang, PRL (2024); Renner, PRL (2024)



Nonlocality and entanglement

entangled quantum state < nonlocal quantum correlations

entangled quantum state * nonlocal quantum correlations

Not every entangled quantum state is usetul for DI quantum applications.



Nonlocality and entanglement

entangled quantum state < nonlocal quantum correlations

entangled quantum state % nonlocal quantum correlations

Not every entangled quantum state is useful for DI quantum applications.

e Hidden nonlocality (activation via LOCC)
e Many-copy activation
Nonlocality activation: e Catalytic activation
* Network activation
e Activation via broadcasting



Single-shot games



Single-shot nonlocality

Nonlocal games

S= > aqlz,y)W(a,b,z,y)p(ablzy)

a’7b7aj7y

F;ex.:a@bzm-y

1 if (a,b, x,y) satisfy winning condition

0 otherwise

Wi(a,b,x,y) = {



Single-shot nonlocality

Nonlocal games

S= > aqlz,y)W(a,b,z,y)p(ablzy)
a,b,x,yw_/

ab

awy

F»ex.:a@b:w-y

1 if (a,b, x,y) satisfy winning condition

0 otherwise

Wi(a,b,x,y) = {

each (a,b,x,y) either wins or loses



Single-shot nonlocality
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Single-shot nonlocality

} & \ won
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Single-shot nonlocality
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Single-shot nonlocality
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Single-shot nonlocality

In a nonlocal game, the referee can decide if Alice and Bob won or lost
in each individual round.

But in an individual round, Alice and Bob can always get lucky
and win the game even with a purely classical strategy.

So why does this matter?



Single-shot quantum nonlocality

There exists a non local games for which

= {Aa\a}}ﬁ {Bb|y}7/0
S = Z Q(mvy) W(CZ, bvajay) tr[(Aa\az o Bb\y)p} =1

a,b,xr,y

There exists a quantum strategy that wins with probability 1

(not the case of the CHSH game)

Aratjo et al., Quantum (2020)



Single-shot quantum nonlocality

There exists a non local games for which

= {Aa\a}}v {Bb|y}7/0
S = Z Q(mvy) W(CL, b,ZE,y) tr[(Aa\a: o Bb\y)p} =1

a,b,z,y
There exists a quantum strategy that wins with probability 1
\/ \ \ blu. )\ N = cardinality of the inputs
7T( ),pA(CL‘.’L’, )7pB( |y7 )
1
S = x,y) Wia,b,x, (A alx, A bly, \) < s 0
a%yé]( y) W(a,b,z.y) Z\: (N palale, Vps®lyA) < 5 mrm

All classical strategies win with a probability arbitrarily close to 0

Aratjo et al., Quantum (2020)



Single-shot nonlocality

For every € > 0 there exists a nonlocal game which can be won by quantum strategy in
every round with probability one and no classical strategy can win in any round
with probability greater than e.

Aratjo et al., Quantum (2020)



Single-shot nonlocality

For every € > 0 there exists a nonlocal game which can be won by quantum strategy in
every round with probability one and no classical strategy can win in any round
with probability greater than e.

Quantum and classical strategies can be distinguished in a single round of

a game with a probability arbitrarily close to 1.

Aratjo et al., Quantum (2020)



Part I. Quantum vs. classical correlations in nonsignalling scenarios

MAIN MESSAGE:

Quantum and classical correlations
can be distinguished in scenarios where

communication is not allowed.

Quantum nonlocality guarantees the presence of entanglement
and can be certified device-independently and
in a single round of a game.




Part II overview

Part II. Quantum vs. classical correlations in network scenarios

® The triangle network
— Classical network models
— Quantum network models
— Nonlocality without inputs

— Simplest example of quantum nonlocality



The triangle network

o\
R\
1Y

classical local processing / x classical local processing

pa(alz, A) D — @ — p5(bly; A)

Alice classical source Bob




The triangle network

Standard bipartite Bell scenario

classical source

classical local processing

p(ab|zy) = w(A)pala|z,A)ps(b|y, )



The triangle network

Standard bipartite Bell scenario

quantum source

quantum local processing

p(ab ‘ CEy) = tr [(Aa|a: X Bb\y) 10]



classical source

classical local processing

The triangle network

Standard tripartite Bell scenario

pc(clz, A) p(bly,A\)| b
Charlie Bob




The triangle network

Standard tripartite Bell scenario

a
X
quantum source
quantum local processing G
C Cc|z
Charlie
z

p(CLbC|ZEyZ) = tr [(Aa\a: 0 Bb|y 02y Cc\z) /0]



The triangle network

Standard tripartite Bell scenario

Alice

Charlie Bob



The triangle network

Network Bell scenario




The triangle network

Network Bell scenario

D I—

pA(a"x7 57 /y)

a
x/
classical sources
classical local processing /

pC’(C‘Zv ., 6)
Charlie

A



The triangle network

Network Bell scenario

quantum sources

quantum local processing

Cc | 2
Charlie

p(abc|:cyz) = 1r [(Aalcc by Bb|y o Cc\z)(pa X pg D /07)}



The triangle network

Network Bell scenario

Which sets of correlations, either classical or quantum, can be created
in any given network structure?

Complicated question, usually form non convex sets.



The triangle network

In a standard, bipartite Bell scenarios, correlations where
2] = |yl =1

that is, where Alice and Bob have a fixed, constant input value,
also called the “no-input” scenario,
there is no quantum vs. classical separation:

p(ab) = tr[(Aq ® By)p Z m(A) palalX) pe(b|A)



The triangle network

Network Bell scenario
z| = ly| =|2| =1

But this is not true for “no-input” network scenarios:



The triangle network

Network Bell scenario
z| = ly| =|2| =1

But this is not true for “no-input” network scenarios:

plabc) = tr [(Aq @ By @ Ce)(pa @ pg @ py))

”;
> q(a)r(B8) s(v) palalB, ) ps(bla,v) pelcla, B)

A



The triangle network

Network Bell scenario

Minimal scenario for a classical vs. quantum correlation separation

z] =yl = [z =1 a] = [b] = |c| = 2

There exists correlations between three binary variables p(abc) that are both

quantum and nonlocal

!

Simplest quantum nonlocality scenario

Don et al., arXiv (2026)



The triangle network

Network Bell scenario la| = |b]

p(abc)

classical quantum

SOurces SOUrces

Don et al., arXiv (2026)



The triangle network

Network Bell scenario a| = |b| = |c| = 2

There exists correlations between three binary variables p(abc) that are both

quantum and nonlocal.

However, these correlations are local in a single classical source scenario

p(abc) = tr[(Aq @ By @ Cc)(pa @ ps @ py))
# _
N q(@) r(8) s(v) palalB, ) pe(ble,v) polela, B) Zw pa(al)) ps(bIA) pe(c|)

A

Don et al., arXiv (2026)



The triangle network

Network Bell scenario a| = [b] = |c| =2

p(abc)

L pEaN

Q. # f

classical quantum classical
-+ — elobal
sources sources source

Don et al., arXiv (2026)



Part II. Quantum vs. classical correlations in network scenarios

MAIN MESSAGE:

Quantum and classical correlations
can be distinguished in network scenarios

with independent sources.

The simplest scenario of quantum vs. classical separation
is the binary triangle network.




