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including the results for projective measurements, which
are symmetric 2-outcome POVMs, for the sake of com-
parison. In the case of N = 2, the optimal set of regular
trine and regular tetrahedron POVMs is plotted in Fig.
5. It is easy to see that under none of the analyzed scen-
arios were the symmetric nonprojective POVMs able to
show more steering than the projective measurements.
In fact, the bounds for symmetric 3- and 4-outcome qubit
POVMs are considerably worse than for projective qubit
measurements.

Figure 5. Candidates for the optimal set of N = 2 regular trine
(left; k = 3) and regular tetrahedron (right; k = 4) symmetric
qubit POVMs for steering two-qubit Werner states.

As for the optimization over general 3- and 4-outcome
qubit POVMs, we could not find any set of N general
POVMs that are able to overperform projective ones. For
N = 2 and 3 and k = 4, the seesaw algorithm ran 105

times, each time with a different initial point; for N = 4
and k = 3, the seesaw ran 4 ⇥ 104 times, and for k = 4,
3⇥ 104 times; for N = 5, 6, and 7, and k = 3, it ran 2⇥ 104,
2 ⇥ 103, and 200 times, respectively. Without exception,
our algorithm recovered the bound for h⇤(N) obtained
by the optimization over projective measurements using
general POVMs, usually by nulling two measurement
outcomes and “simulating” a projective measurement.
However, it was never able to surpass it.

Strictly speaking, the results presented in this section
are only upper bounds for the critical visibility h⇤(N).
Nevertheless, given the small number of parameters in
the two-qubit scenario and the number of times we have
ran our heuristic method, we believe that these results
are strong evidence that general POVMs are not useful
to reveal EPR-steering in two-qubit Werner states.

D. Higher dimension states and measurements

We now explore the generality of our seesaw method
on quantum systems of dimension d > 2 by calculating
bounds for the critical visibility h⇤(d, N, k) of higher di-
mension maximally entangled states. Let us start with
the simple case where these states are subjected to only
2 local general measurements. These calculations are
reported for states of dimensions d 2 {2, . . . , 6} in Table
III. We note that by increasing the number of outcomes

in the measurements from k = 2 up to k = d the bounds
for h⇤(d, 2, k) are significantly improved and the optimal
sets of measurements are always composed by project-
ive measurements–even though most of these scenarios
allow extremal nonprojective POVMs. However, once
the number of outcomes achieves k = d + 1 the bound
for h⇤(d, 2, k) provided by the seesaw method ceases
to decrease and it seems that increasing the number of
outputs beyond this point does not improve the results.
Since there only exist projective measurements with up
to k = d outcomes, this result is evidence that allow-
ing POVMs more general than projective measurements
does not increase the robustness of the steerability of
isotropic states. Following the connection between the
steerability of these states and joint measurability, this
is also evidence that sets of 2 general qudit POVMs can-
not be more incompatible than sets of 2 projective qudit
measurements.

N = 2
k d = 2 3 4 5 6
2 0.7071 0.7000 0.6901 0.6812 0.6736
3 0.7071 0.6794 0.6722 0.6621 0.6527
4 0.6794 0.6665 0.6544 0.6448
5 0.6665 0.6483 0.6429
6 0.6483 0.6390
7 0.6390

Table III. Summary of numerical results for upper bounds of
the critical visibility of d-dimensional isotropic states subjected
to 2 general POVMs of k 2 {2, . . . , d + 1} outcomes.

Since the scenario where the uncharacterized party is
allowed to perform only 2 measurements is very par-
ticular, we performed the same calculations reported
above for d-dimensional isotropic states allowing scen-
arios with 3 and 4 general measurements with outcomes
up to d + 1 as well. In these broader scenarios, we also cal-
culated upper bounds for the critical visibility h⇤(d, N, k)
of the isotropic states. However, since the number of
parameters increases too rapidly (exponentially on the
number of measurements), the seesaw method presented
some numerical instability, and for this reason we are
not able to reach any conclusions about the relevance of
general POVMs in these scenarios.

E. Mutually unbiased bases

A set of MUBs consists of 2 or more orthonormal bases
{|axi}a in a d-dimensional Hilbert space that satisfy

|hax|byi|2 =
1
d

, 8 a, b 2 {1, . . . , d}, x 6= y, (13)

for all bases x, y [32]. A set of MUBs is called complete
if for a Hilbert space of dimension d there exists d + 1

10

MUBs. These bases can be used to construct sets of mutu-
ally unbiased projective measurements with a high level
of symmetry, and for this reason one might think they
would be good candidates for the optimal set of meas-
urements for measurement incompatibility and for EPR
steering with a maximally entangled state.

We have calculated the critical visibility of isotropic
states of dimension d 2 {2, . . . , 6} when subjected to
local MUB measurements using SDP (9) and listed the
results in Table IV. These exact values calculated by our
SDP (9), show significant improvement over the ana-
lytical bounds obtained in Refs. [56, 57] for steering
with MUBs and maximally entangled states. Next, we
used the seesaw method to calculate upper bounds for
h⇤(d, N, d) of the isotropic states when locally subjected
to sets of general POVMs with d outcomes for some num-
ber of measurements N where MUB measurements are
known to exist. Perhaps surprisingly, in many cases we
found sets of measurements with greater or equal robust-
ness, showing that MUBs are not necessarily the best
choice of measurements to reveal quantum steering nor
are they the most incompatible ones. The results are lis-
ted in Table IV. The optimal measurements found by the
seesaw method are all projective measurements in these
cases as well. We remark that in Refs. [58, 59], the au-
thors have computed (analytically) the required visibility
h⇤(d, 2, d) for any pair of d-dimensional MUB measure-
ments to be jointly performed; here we have shown that
there exist pairs of measurements that are even more
incompatible than mutually unbiased ones. However, in
scenarios where there exist complete sets of MUB meas-
urements, for dimensions 2, 3, and 4, we were not able
to find measurements more resistant to white noise and
better for steering isotropic states than the MUB ones,
which is evidence that they may be optimal for this task.

MUBs
N d = 2 3 4 5 6
2 0.7071 0.6830 0.6667 0.6545 0.6449
3 0.5774 0.5686 0.5469 0.5393 0.5204
4 0.4818 0.5000 0.4615
5 0.4309 0.4179
6 0.3863

General d-outcome POVMs
N d = 2 3 4 5 6
2 0.7071 0.6794 0.6665 0.6483 0.6395
3 0.5774 0.5572 0.5412 0.5266 0.5139
4 0.4818 0.4797 0.4615
5 0.4309 –
6 –

Table IV. Comparison between the exact critical visibility of iso-
tropic states in dimension d subject to local mutually unbiased
measurements and the upper bound of the same states when
optimizing over general POVMs with k = d.

V. DISCUSSION

We have used three methods for investigating EPR
steering and joint measurability under restrictive meas-
urement scenarios and discussed the applicability of each
one. Using white-noise robustness as a quantifier, we
have presented two heuristic methods for calculating the
critical visibility of quantum states subjected to a finite
number of measurements and one converging method
for lower-bounding the same quantity. Our methods can
be easily adapted to other steering and joint measurabil-
ity quantifiers.

For two-qubit Werner states, we showed that the best
sets of N 2 {2, . . . , 5} planar projective measurements
are equally spaced measurements and conjecture this
result to be valid for all N 2 N. Our upper bounds for
the critical visibility of two-qubit Werner states subjec-
ted to planar projective measurements match the ana-
lytical expressions derived in Refs. [46, 47] for equally
spaced measurements. We proved that intuitive notions
of equally spaced measurements in the Bloch sphere,
like the vertices of Platonic solids, do not correspond to
the best measurements to show steering with two-qubit
Werner states, nor are they the most incompatible sets
of measurements. We showed that symmetric 3- and
4-outcome qubit POVMs are not optimal for steering
two-qubit Werner states as well. Upper bounds for the
critical visibility of two-qubit Werner states subjected
to N 2 {2, . . . , 18} general measurements were calcu-
lated. We provided strong numerical evidence that gen-
eral POVMs are not more suitable for steering two-qubit
Werner states than projective measurements, and sug-
gested candidates for the optimal sets of N 2 {2, . . . , 6}
qubit measurements that are projective and follow a non-
intuitive pattern.

Our results for higher dimension isotropic states indic-
ate that increasing the number of outcomes until k = d
improves the bound for the critical visibility of the state.
However, increasing the number of outcomes beyond the
value of the local dimension of the state does not seem
to improve the bounds, which strengthens the idea that
nonprojective POVMs are not relevant for steering. The
candidates for optimal measurements in all higher di-
mension scenarios are projective measurements. Finally,
we proved that many incomplete sets of MUB measure-
ments are not optimal for steering and provided numer-
ical evidence that complete sets of MUB measurements
could be optimal for steering isotropic states.

Although we presented numerical evidence against
the relevance of nonprojective POVMs for EPR steering,
deciding if projective measurements are indeed optimal
for steering in all scenarios and for all quantum states
still remains an open question. One future direction is to
apply similar techniques for the study of Bell nonlocality.
Although some simple adaptation of our methods can be
used to tackle the analogous problem for Bell nonlocality,
the number of parameters in the problem could make
our algorithms impracticable even in simple scenarios.
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V. DISCUSSION

We have used three methods for investigating EPR
steering and joint measurability under restrictive meas-
urement scenarios and discussed the applicability of each
one. Using white-noise robustness as a quantifier, we
have presented two heuristic methods for calculating the
critical visibility of quantum states subjected to a finite
number of measurements and one converging method
for lower-bounding the same quantity. Our methods can
be easily adapted to other steering and joint measurabil-
ity quantifiers.

For two-qubit Werner states, we showed that the best
sets of N 2 {2, . . . , 5} planar projective measurements
are equally spaced measurements and conjecture this
result to be valid for all N 2 N. Our upper bounds for
the critical visibility of two-qubit Werner states subjec-
ted to planar projective measurements match the ana-
lytical expressions derived in Refs. [46, 47] for equally
spaced measurements. We proved that intuitive notions
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like the vertices of Platonic solids, do not correspond to
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However, increasing the number of outcomes beyond the
value of the local dimension of the state does not seem
to improve the bounds, which strengthens the idea that
nonprojective POVMs are not relevant for steering. The
candidates for optimal measurements in all higher di-
mension scenarios are projective measurements. Finally,
we proved that many incomplete sets of MUB measure-
ments are not optimal for steering and provided numer-
ical evidence that complete sets of MUB measurements
could be optimal for steering isotropic states.

Although we presented numerical evidence against
the relevance of nonprojective POVMs for EPR steering,
deciding if projective measurements are indeed optimal
for steering in all scenarios and for all quantum states
still remains an open question. One future direction is to
apply similar techniques for the study of Bell nonlocality.
Although some simple adaptation of our methods can be
used to tackle the analogous problem for Bell nonlocality,
the number of parameters in the problem could make
our algorithms impracticable even in simple scenarios.

Most incompatible measurements for robust steering tests 
Jessica Bavaresco, Marco Túlio Quintino, Leonardo Guerini, 
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All methods are based on semidefinite programming (SDP): 

PRELIMINARIES 
In a semi-device independent approach, the main mathematical object is  

the assemblage : 

where  labels measurements and labels 

outcomes of each measurement. 

An assemblage is unsteerable if it admits a local hidden state (LHS) 
model of the form:  

for all a, x. An assemblage is steerable if it violates a steering inequality: 

The depolarizing channel  

can be used to define a steering quantifier, the white-noise robustness, 
when applied to the elements of an assemblage. 

A quantifier of steering for quantum states can be defined as 

  

which is the critical visibility of a quantum state subjected to N k-
outcome measurements. 

We characterize steerability by calculating upper and lower bounds for

THE PROBLEM 
We address the problem of characterizing the steerability of quantum 
states under restrictive measurement scenarios, i.e., the problem of 
determining whether a quantum state can demonstrate steering when 
subjected to N  measurements of k  outcomes. We consider the cases of 
either general positive operator-valued measures (POVMs) or specific 
kinds of measurements (e.g., projective or symmetric). We propose 
general methods to calculate lower and upper bounds for the white-
noise robustness of a d-dimensional quantum state under different 
measurement scenarios that are also applicable to the study of the noise 
robustness of the incompatibility of sets of unknown qudit measu-
rements. We show that some mutually unbiased bases, symmetric 
informationally complete measurements, and other symmetric choices of 
measurements are not optimal for steering isotropic states and provide 
candidates to the most incompatible sets of measurements in each case. 
Finally, we provide numerical evidence that nonprojective POVMs do not 
improve over projective ones for this task. 

We begin with the two-qubit Werner states under different 
measurement scenarios. Planar projective measurements: 
the optimal set is the set of equally spaced measurements. 
General projective measurements: we tested the Fibonacci 
spiral distribution and the Thomson problem distribution 
(which includes Platonic solids). Our methods showed that 
neither distributions are optimal and propose a nonintuitive 
pattern for the optimal sets of 2 to 6 projective measure-
ments. 3- and 4-outcome symmetric POVMs: both kinds of 
POVMs do not overperform projective measurements. 
General POVMs: also do not improve over projective 
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Fig. 03. The search algorithm 
(upper bounds). 

Fig. 02. The see-saw algorithm 
(upper bounds).

Fig. 01. The outer 
polytope 

approximation 
(lower bounds).

In higher dimensions we studied the isotropic states 
subjected to 2 general POMVs. From 2 to d outcomes: 
the white noise robustness of the state improves with the 
increase in the number of outcomes. Optimal measure-
ments are always projective. d+1 outcomes: the white-
noise robustness of the state seems to stop improving. 
Optimal measurements are still projective with one null 
outcome. This result strengthens the idea that projective 
measurements are optimal for steering the isotropic states.

RESULTS

Fig. 04. Plot of upper and lower bounds for the critical visibility of two-
qubit Werner states subjected to planar projective, general projective, 
symmetric, and general POVMs.

N = 2 N = 3

N = 4 N = 5 N = 6

Fig. 05. Candidates for the optimal sets of 2 to 6 projective measure-
ments for steering two-qubit Werner states. 

We also studied measurements constructed from mutually 
unbiased bases (MUB). They are not optimal in many 
scenarios with up to d measurements, and the optimal 
measurements are also projective. However, MUB 
measurements seem to be the best for dimensions 2, 3, 
and 4 when a complete set of d+1 measurements is 
allowed.

Table 01. Upper bounds for the critical visibility of isotropic states 
subjected to sets of 2 general POVMs.

Table 02. Upper bounds for the critical visibility of isotropic states 
subjected to MUB measurements and general d-outcome POVMs.

N = 2 N = 3

N = 4 N = 5

Fig. 06. Optimal sets of planar projective measurements for steering 
two-qubit Werner states.

Fig. 07. Optimal sets of 2 trine POVMs (left) and 2 tetrahedron POVMs 
(right) for steering two-qubit Werner states.
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